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THEORETICAL AND PRACTICAL: 



"^ ERRATA. 

Book I.— Arti'^le 17, for (10) read (11). Ar. 18, in the diagrams, 
let tAe l\nt9 AB, ^B' terminate in B, B'. Ar. 33, line 11, for (11) 
read (12). Ar. 38, for (10) read (11). Ar. 57, line 2, for proportumally 
read into parti which are proportional to the adjacent sides ; and in the 
diagram, produce AB not DB. Ar. 73, in the second diagram, produce 
DA 80 as to form an exterior angle at A, Ar. 86, line 9, for to the read 
to the sides of the. Ar. 121, line 8, for -{• a read — a. 

Book II. — Article 15, in the second diagram, cancel the right line 
BC. Ar. 17, in the diagram, supply the letter E; and in line 12, for 
AC read BC. Ar. 37, line 7, for ABCE read ABCD; and in line 10, 
for BC.M read ACM. Ar. 55, third line from the end, for A read C. 
Ar. 73, in the diagram, supply the letter E. Ar. "80, in the diagram, 
join AB, BC. Ar. 81, line 12, cancel the word half; and for ^ read |. 

■ ;^Book III. — Article 1, in the diagram supply the letter C. Ar. 53, 
£ (48) read (51). 

Book IV. — Article 1, line 5, for surface read solid. After article 3, 
supply § 1. Ar. 58, in the diagram, erase the accent over the upper 
letter A. 
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PREFACE. 



The present work has been written under the influence of 
opinions in which the author cannot be regarded as singular. 
He has presumed that a modem systematical treatise on the 
Elements of Greometry is essential to modern scientific educa- 
tion, and that any attempt to present those elements with the 
view of facilitating their more effectual acquirement would meet 
the approbation of mathematical instructors. 

In an elementary course of exact science, the principal requi- 
sites are conceived to be a natural sequence of its different parts, 
and a suitable degree of brevity in their exposition. These have 
been constantly kept in view in the Treatise now offered to the 
public ; and their observance must greatly contribute to the im- 
provement of students in Geometry, and to the removal of diffi- 
culties which have hitherto retarded their progress. With re- 
spect to the importance of arrangement, and its effects in the 
study of this science, the author has had ample experience. He 
has long observed, that in proportion as the different subjects 
occupying the attention of students succeeded in natural or in 
artificial connexion, their ideas appeared distinct or confused, 
and the impressions lefl in their minds were of permanent or of 
momentary continuance. 

From these and other considerations relative to demonstrative 
and inductive science, the author premised in the composition of 
this work, the following as fundamental principles in regard to 
the manner and order in which the objects of synthetic Greome- 
try should be introduced and treated. 

First, that the possible existence and characteristic property 
of every object considered, should be established previously to 
forming its definition. 

Secondly, that every object defined should be regarded as es- 
tablishing the existence of an equal object. 
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Thirdly, that two or more independent objects should be sepa- 
rately and fully treated ; and that the several properties of each 
should succeed in regular order as to the relative position, pro- 
portion, and extension of its corresponding parts. 

Fourthly, that different connected objects should follow in 
natural sequence from the simple to the more complex ; and that 
a like arrangement should be observed in treating two or more 
objects viewed in connexion. 

The necessity of admitting these principles must be obvious to 
every reader conversant with Geometry, and the advantages 
which result from them will be easily imagined. Superfluous ex- 
ertions of memory will undoubtedly be avoided ; forced and arti- 
ficial views will be obviated ; an accurate and comprehensive 
knowledge of the subject will be readily acquired ; and the rea- 
soning and inventive powers of the student greatly improved and 
properly directed. That the present treatise will to the full ex- 
tent realize the advantages here enumerated, the author has been 
induced to hope. He believes that the sources in which they 
originate have seldom escaped his attention ; and expects that 
in case asy instances of such unobservance should occur, his 
general success, if not the acknowledged difficulty of his under- 
taking, may obtain for him corresponding indulgence.* 

The work naturally divides itself into four books ; the first two 
of which involve plane Geometry ; the last two solid Geometry, 
The principal subjects of those books will be seen in the Gene- 
ral Index ; and a slight perusal of a few of their subordinate sec- 
tions will make known, independently of the author's representa- 
tions, how far simplicity, uniformity, and generality constitute 
various improvements. As to the equality of the surfaces of tri- 
angles established in this treatise without any reference to more 
complex figures, the reader will consider its novelty and its im- 
portance in respect to natural and legitimate arrangement. He 
will also judge of the necessity of rejecting the usual unsatisfac- 
tory demonstrations of incommensurable magnitudes ; and will, 
it is presumed, admit the propriety of adopting, in a work which 

* The celebrated mathematician D*Alembert was of the opin- 
ion that a good work on the Elements of Geometry would not have 
been unworthy of the powers of Descartes, Newton, Leibnitz, Ber- 
nouilli, &c. 
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regards the present state of science, the modem concise and 
general method of limits, in preference to the indirect and tedi- 
ous modes of reasoning employed by ancient geometers when 
treating of the circumferences and areas of circles, and the sur- 
faces and volumes of the different elementary curve or round 
solids. 

To particularize various parts of the work seems hardly neces- 
sary. It will be sufficient to remark, that in each book all the 
chapters but the last, respect the theory and fundamental proper- 
ties of geometrical magnitudes ; and should, by repetition, be 
rendered perfectly familiar to the student. These last chapters, 
involving linear and circular constructions, and the mensuration 
of all the elementary plane figures, and plane and curve solids, 
will then be readily acquired ; and the student thus possessing an 
accurate and extensive knowledge of theoretical and practical 
Geometry, will be enabled, with pleasure and advantage, to pro- 
ceed to higher and more attractive branches of mathematical and 
mechanical science. 

In concluding this preface, the author would mention his par-* 
tiality to the term right applied to line,* and equal applied to 
surfaces and solidsj as being more analogical and appropriate 
than the epithets straight and equivalent^ adopted without ne- 
cessity by some late writers. He would also apprize the reader 
that he considers proportional magnitudes, when viewed inde- 
pendently of their positions, as forming no part of Geometry ; and 
that he deems all their useful properties as capable of being com- 
prised in a few algebraical theorems. These, with some addi- 
tional theorems relating to binomial quantities, have been intro- 
duced in order to obviate reference to any particular treatise on 
Algebra, which perhaps may not be in the possession of the 
student occupied with Geometry. 

* The term right line has been used by distinguished writers on 
science, as Simpson, Landen, Emerson, Bonnycastle, Hutton, &c., 
and by Col. Beaufoy, in his extensive work on nautical experiments, 
now publishing. In Dr Bowditch's finished translation of the M^- 
canique Celeste, and his important commentary on that work, the 
terni right line is also used ; and this gentleman's sanction should 
establish it in America. 
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Vi THEOREMS. 

ALGEBRAICAL THEOREMS RELATING TO BINOMIAL AND 

PROPORTIONAL QUANTITIES. 

ThjB^ demonstrations of the following theorems will be 
easily understood on a slight acquaintance with algebra, and 
by the assistance of any work on that science. 



§ 1. OF THE BINOMIALS o+b and a — 6. 

Theorem 1. . . . (a+6) + (a— 6)=2 a. 
For this sum is a+6+a— 6, which is equal to twice the 
greater quantity a. 

Theorem 2. . . . (a+b) — (a— 6) =2 6. 
For this difference is a+b — a+6, which is equal to twice 
the less quantity b. 

Theorem 3. . . . {a+b).(a — 6)=a*— 6*. 
For this product is a^+ab — ab — b^, which is equal to the 
difference of the squares a', b^. 

Remark, The converse is also true ; so that the factors of 
a" — 6* are a+^ and a— ^. 

Theorem 4. . . (azfc6)*=a«zfc2a6+6». 
For the square of a+6 is (a+6) (a+6)=a*+2a6+6*, 
and the square (a — 6)*=a" — 2a6+6*; wherefore the two 
squares (azfc6)*=a*zfc2 a b+b*. 

Remark. The converse is also true ; so that a"db2 ab+b^ 



% 2. OF THE PROPORTIONAL QUANTITIES a, 6, C, d; &C, 

Theorem 5. In any proportion a:b::c:d, the products 

of the extremes and means constitute the equation ad=^b c. 

For this proportion, formed of the equal ratios a : b and 

a c 
e : dj constitutes the equation r''=^~if l>o^h members of which 

o a 

being multiplied by b d, there results a d^b c. 

Corollary, If the means 6, c be equal, the corresponding 

proportion aib iib :d will give a d=ib^j in which case b is 

a mean proportioned between a and d. 



THEOREMS. VII 



Remark. The proportions b laiidic and aiciibid^ 
formed by the inversion and alternation of similar terms in 
a\bi:cid^ also give ad^^^bc; and conversely from this 
equation divided hy bd, or a c and c (/, there will result the 
proportion a : 6 :: c : (/, or its correlative proportions biaiidic 
and a : c :: b : d,' 

Theorem 6. In any proportion a:b::c:d, the sums and 
differences of corresponding terms, compared to the second 
and fourth terms, constitute the proportions a^b : 6 :: 
Czkd : d. 

For a:b::c:d gives a d=:b c (5), each member of which 
being increased or diminished by b d, there results (a^b) ds= 
(czizd) b ; whence the proportions adzb : b :: Czhd : d (rem. 5). 

Corollary. These proportions give by alternation a+b: 
c+d ::b:d and a — b : c — d ::b:d, which compared to a:c:: 
b : d and to each other, there will result azLb : a :: c^dic, 
and a-\^b : a— 6 :: c+d : c-^d. 

Remark. The proportions a^b : 6 :: Czfcc? : d are said to 
be formed by composition and division respectively from 
aib II cid. 

Theorem 7. The products of the corresponding terms 
of the two proportions a: b :: c : d and a' : 6' :: c' : rf' consti- 
tute the proportion aa' ibb' ii cc' : d d\* 
■* For these give a d=sb c and a' d'=b' c' (5), the correspond- 
ing members of which being multiplied together, there results 
aa'd d*=b b' c c', from which aa'ibb' ::cc' : dd' (rem. 6). 

Corollary. If the antecedent c of the ratio c: dhe equal to 
the consequent d' of c' : d', the compound ratio cd :dd' be- 
comes simply c' : d, so that in this case aa* '.bb* wd \d^ 
and if ih^antecedents a', c' be equal to a, c, and the consequents 
6', d' equal to 6, d, there will result the proportion a* : 6* :: c* : c?*. 

Remark. Three or more proportions may be similarly com- 
bined; and when the corresponding terms are equal, their 
cubes or higher powers will be respectively proportional. 

Theorem 8. Tlie severed proportions a:b::a':b'i: 

* The quantities of, c^, if', 6fc. are read, a prime, a second, a 
third, £^c. 
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a" : 6" :: ^c. consiUuie the proportion a:b:: a+a'-^a''+ ^c, : 

For the equations ab^ab^ ab*=a'b, ab"^a"by Sfc, (5), 
give by addition a(6+6'+6"+^c.)=6 (a+a'+a"+^c.) ; 
whence a : 6 :: a+a^+a"+fyc, : 6+6'+6"+^c. (rem. 5). 
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PRELIMINARY PRINCIPLES. 



1. The space occupied by any body or solid, when viewed 
as to its extent, appears enclosed by one or more boundaries 
called surfaces. The particular forms of these surfaces cha- 
racterize the solid ; and the extent of each of them appears 
limited by one or several boundaries termed lines. Each of 
these lines partakes of the form of the corresponding surface 
which it limits ; and its extremities appear in determinate po- 
sitions named points. Hence originate the following defi- 
nitions : 

2. A point is that which has only position. 

3. A line is that which has only length. 

Corollary. The extremities of a line are points, and 
the intersections of lines are points. 




Lines are considered as being rights or curved. 

A right line is that which cannot coincide with another 
right line in any two points without coinciding with it alto- 
gether. A curve line is that of which no part is a right line 

4. A surface is that which has only length and breadth. 

Corollary. The boundaries of a surface are lines, and the 
intersections of surfaces are lines. 






A 
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Sarfaces are considered as being plane^ or curved. 

A planey or plane surface, is that with which a right line 
cannot coincide in any two points without coinciding with it 
altogether. A curve surface is that of which no part is a 
plane. 

5. A solid is that which has length, breadth, and thick- 
ness. 

Corollary. The boundaries of a solid are surfaces, and the 
intersections of solids are surfaces. 






Solids are considered as being plane^ or curved. A plane 
solid is that which is bounded only by planes. A curve 
solid is partly or entirely bounded by curve surfaces. 

6. Geometry is that science which treats of lines, surfaces, 
and solids. Its elements comprise the simplest of those mag- 
nitudes considered synthetically as to their principal relations 
and properties, and constitute the subject of the present 
treatise. 



BOOK I. 

OF RIGHT LINES AND RECTILINEAR FIGURES IN A PLaNE. 

CHAPTER I. 

or THE BELATITB POSITIONS OF RIGHT LINES. 

7. When two right lines have a common point, they must 
either be in the same direction and constitute a single right 
line, or diverge from that point and form an opening. In 
this case, the position of the right lines relatively to each 
other depends on the opening formed ; and this opening is 
evidently independent of any particular lengths of the diverg- 
ing lines. 

8. An angle is the opening formed by two diverging right 
lines. The point in which the lines meet is called the vertex 
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of the angle formed ; and the lines are termed ndea of this 
angle. 





An angle is expressed by a letter placed at its vertex ; or 
by three letters, of which the second is at that point, and the 
first and third are at the extremities, or in the directions of 
its sides ; as the angle A, the angle B A C or C A B, &c. 

The first mode of expressing an angle may be adopted when 
there is only one angle at a point ; the second becomes ne- 
cessary when there are two or more angles at a point. 

9. Angles take denominations relative to the positions of 
their sides diverging from the same vertex, or from different 
vertices. 

Adjacent angles have a common side and vertex, and have 
their other sides in the same right line, or forming an angle by 
their divergence; as ABC, ADD; orABC, ABD; or 
ABC, C'BC. 




B C 

Vertical angles have their sides diverging in opposite di- 
rections from a common vertex ;asABC,DBE; orABD, 
CBE. 




B 



Alternate angles have a side of each in the same right line, 
relatively to which their other sides diverge in contrary direc- 
tions ; as ABC, BCD. 

A B 
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Interior and exterior angles have a side of each in the same 
right line, relatively to which their other sides diverge in 
similar directions ; as A B C, B C D ; and A B E, D C F. 




Of these angles, A B C is an interior angle, adjacent to the 
exterior angle ABE; and B C D is an interior angle, oppo- 
site to the same exterior angle A B E, on the same side of the 
right line E F. 

10. Angles are either equal or unequal. 

Two equal angles have their sides and vertices respectively 
coincident, when placed on each other. Two unequal an- 
gles, placed on each other, have two of their sides diverging, 
when their vertices and the remaining sides are respectively 
coincident. 



>t* 




B 




Of the preceding angles, A and C B D represent equal an- 
gles ; A and E B D are unequal angles, the latter being 
greater than C B D by the angle C B E. 

11. Two equal angles may be subtended by right lines 
forming angles with their sides ; and those right lines and 
angles formed, will be respectively equal, when the corres- 
ponding sides of the equal angles are respectively equal. 

Thei^e is no reason to conceive those lines and angles une- 
qual ; and they evidently become identical, when the vertices 
and corresponding sides of the equal angles are coincident. 



B 



B' 
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Of the preceding equal an^es A, A% the subtending lines 
are B G, B' C ; and the equal angles formed by these equal 
lines and the corresponding equal sides A B, A' B', and A C 
A' C, are respectively B, B' and C, C. 

12. Angles are considered as being rights or oblique, and 
their sides as being perpendictdar, or oblique to each other. 

A right angle is that of which either side and the pro- 
longation of the other side, form an equal adjacent angle. 

An oblique angle is less or greater than a right angle. 
When less, it is an acute angle, when greater, an obtuse angle. 



T 








Of the preceding angles, A B C is a right angle ; A B D an 
oblique or acute angle, and A B E an oblique or obtoae angle. 

Corollary. All right angles are equal to each odwr ; and 
the corresponding sides of equal and adjacent oblique angles, 
are not in the same right line, but form angles by their 
divergence. 

13. Either side of a right angle is said to he perpendicular 
to the other side, or to its prolongation ; and either side of 
an oblique angle is said to be oblique to the other side, or to 
its prolongation. 

Corollary. There cannot be two perpendiculars to a right 
line, on the same side, and at the same point of it 



$ 1. or OBLIQUE AND rBRPllNDICULAR RIGHT LINES. 

THEOREM I. 

14. If a right line meets another , the adjacent angles are 
together eqxMii to two right angles. 



\ 
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Let the right line A B meet C D and fotm the adjacent 
angles ABC, ABD; these angles are together equal to 
two right angles. 

The angles A B C, AB D may be equal or unequal. If 
they be equal, each of them is a right angle and the theorem 
evident. If unequal, let the right line B E be perpendicular 
to C D ; the angle A B C is equal to the two angles ABE, 
E B C, the second of which is aright angle ; therefore the two 
angles A B D, A B C are together equal to the angles A B D» 
ABE, ahd this right angle. But the angles A B D, A B E are 
together equal to the right angle E B D ; wherefore the angles 
ABC, A B D are together equal to two right angles. 

15. Two angles, which are together equal to two right 
angles, are termed supplemented angles ; and one of these 
angles is the supplement of the other. 

Two adjacent supplemental angles have two of their sides 
in the same right line ; otherwise a third angle supplemental 
to one of them .might be formed unequal to the other, which 
is impossible. 

THEOREM II. 

16. ^ a right line intersects another, the vertical angles 
are respectively equal. 




Let the two right lines A B, C D intersect in the point E ; 
the vertical angles A E C, B E D are equal ; and also the 
angles AED,B EC. 

Because the right line AE meets CD, the angle AEGj^ 
is the supplement of A E D ; and because D E meets A B, 
the angle B E D is also the supplement of A E D ; wherefore 
the angles AE€, B ED are supplements of the same angle, 
and are equal to each other. In like manner, the vertical 
angles Af D, B E C are proved to be respectively equal. 
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THEOREM III. 



17. If a right line intersecting the two sides of an angle 
be perpendicular to one of them, it is oblique to the other ^ 




Let the right line A B intersecting the sides C D, C E of 
the angle C, in the points A, B, be perpendicular to C D ; it 
is oblique to the other side C £. 

In C B produced if necessary, let B D be equal to B C, 
and draw the right line AD. The angle ABD is equal 
to the adjacent right angle ABC (12) ; and the sides 
A B, B D are respectively equal to A B, B C ; therefore 
the angles BAD, BAG, formed by AB and the subtending 
lines AD, AG, are also equal (10). But these lines meet- 
ing the right line G B D, do not form a continued right liiie^ 
CAD; wherefore either of the equal adjacent ang^ei.'* 
B A G, B A D is an oblique angle, and A B is oblique to the 
right line G A or C E. 

Corollary, From the same point without a right line, 
there cagjbf^ drawn only one perpendicular to that line. 

IsrrTwo perpendiculars may subtend two equal acute 
angles, each having a corresponding equal side ; and those 
perpendiculars will be equal, and form equal angled with 
the corresponding sides. 

There is no reason to conceive those perpendiculars or 
angles unequal, and they evidently become identical when the 
vertices and sides of the equal angles are coincident. (Cor. 17) 





8 sLBMsmre of obombtrt. 

Of the equal acute angles A| A' haying the corresponding 
equal sides A B, A'B\ the equal subtending perpendiculars 
are B G, B'C, and the equal angles formed are B, B'. 

19. Two oblique lines may subtend two equal angles, 
each haying a corresponding equal side ; and those lines, 
forming equal angles with the corresponding sides, will be 
equal and form equal angles with the other sides. 

There is no reason to conceiye those oblique lines or angles 
unequal ; and they become identical when the yertices and 
sides of the equal angles are coincident 





Of the equal angles A, A' haying the corresponding equal 
sides A B, A'B', the equal subtending oblique lines, forming 
the equal angles B, B' with these sides, are B C, B'C ; and 
the equal angles formed by them and the other sides are 



$ 3. or PARALLEL RIOHT LUfKS, 

20. It is an immediate inference from (17) thatHwo right 
lines, which are perpendicular to a third right line, cannot 
meet on either side of this line ; for in such case, one of them» 
meeting the other and forming an angle, would be oblique 
and not perpendicular to the right line. 

21. Two right lines in the same plane are said to be jpa- 
raUelj when they cannot meet, howeyer far produced. 

Corollary. Two right lines in the same plane are parallel 
when they are perpendicular to the same right line. 



^ 
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Of the preceding right lines, A B, CD, regarded as incapa- 
ble of meeting each other, or as perpendicular to the same 
right line £ F, represent parallel lines. 

22. When a right line intersects two parallel lines, and is 
perpendicular to one of them, it is also perpendicular to the 
other ; or this parallel is oblique to the intersecting line. 

The first asserted position of the right lines constitutes the 
converse of the preceding corollary ; and there appears no 
reason why this reciprocal perpendicularity and parallelism 
of the lines should not take place. Were the second position 
admitted, the oblique parallel and a perpendicular to the in- 
tersecting line at the same point would be both parallel to one 
and the same right line, which must be granted as evidently 
impossible. 




Of the preceding right lines, A B is perpendicular to each 
of the parallels C D, E F ; and B H drawn oblique to A B, 
and diverging from B F, is considered as capable of. meet- 
ing the parallel G D. 

THEOREM rV. 

23. ^ a right line intersecting two other right lines 
mcJces the alternate angles respectively equals those two 
right lines are parallel, 

^ L o/^ 

c 7— A D 




Let the right line A B, intersecting the two right lines C D, 
E F, make the alternate angles C G H, G H F equal ; C D is 
parallel to E F. 

The alternate angles G G H, G H F may be right or oblique 
angles. If they be right angles, the lines G D, E F will be 
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perpendicular to A B, and will therefore be parallel (cor. 21). 
But if they be oblique angles, let 6 K be equal to H K, and 
let the right line M L, passing through K, be perpendicular 
to C D. Because the lines G H, L M intersect each other, 
the angle GKL is equal to HKM (16); and because the 
subtending lines 6 L, H M form the equal angles L 6 K, 
M H K with the equal sides G K, H K, the angles G L K, 
HMK are also equal (19). But GLK is a right angle; 
therefore H M K is also a right angle ; and C D, E F being 
perpendicular to L M, are respectively parallel (cor. 21). 

Corollary, If a right line intersecting two other right lines 
makes the exterior angle equal to the interior and opposite 
angle on the same side of the line ; or makes the two interiAr 
angles equal to two right angles ; those two lines are parallel. 
For the alternate angles, which determine the parallelism of 
the lines, are respectively equal by (16) and (14). 

THEOREM V. 

24. If a right line intersects two parallel right linea^ the 
alternate angles are equal. 

c ZJ^ D 




Let the right line A B intersect the two parallels C DJS F ; 
the alternate angles G GH, G H F are equal. 

The line A B may be..perpendicular or oblique to C D or 
to £ F. If it be perpendicular, the alternate angles C 6 H, 
G H F are equal by (22) and (cor. 12). But if it be oblique, 
let G K be equal to H K, and let M L be perpendicular to 
C D, £ F (22). Because the right line G H intersects L M, 
the angles G K L, H K M are equal (16) ; and because these 
angles have equal sides G E, H K, and are subtended by the 
perpendiculars G L, H M, the angles L G K, M H E, or the 
alternate angles C G H, G H F, are respectively equal (18). 

Corollary. A right line intersecting' two parallel linea 
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makes the exterior angle equal to the interior and opposite 
smgle on the same side of the line ; and also makes the t\90 
interior angles together equal to two right angles. For either 
of the alternate angles formed, is equal to the opposite exte* 
rior angle ; and is also the supplement of the adjacent interior 
angle (16) and (15). 

THEOREM VI. 

25. If two right lines he parallel to a third right line^ 
they are parallel to each ot her. 



i / A_ K B 



(P 



H 



E O 



Let the two right lines A B, C D be respectively parallel 
to the right line £ F ; A B is parallel to G D. 

At any point G in E F, let G H K be perpendicular to 
this line. Because A B, CD are respectively parallel to 
£ F, they are both perpendicular to G K (22), and are there- 
fore parallel to each other (cor. 21). 

( THEOREM VII. 

26. If two parallel lines intersect two other parallels^ the 
intercepted parts of those corresponding parallels are re- 
spectively equal. 




Let the two parallels AB, C D intersect the two parallels 
£ F, G H ; the intercepted parts A B, C D, and also A C, 
B D, are respectively equal. 

Join the points B, C. Because the right line B C meets 
the parallels A C, B D, the alternate angles A C B, C B D 
are equal (24) ; and for a like reason, the angles ABC, 
B C D are equal. But these angles have the side B C com- 
moD, and are subtended by the corresponding right lines 
A B, C D and A C, B D ; wherefore these lines are respect- 
ively equal (19). 
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THEOREM VIII. 



27. 7\oo equal and parallel right limHfre joined by right 
lines which are also equal and parallel, ^^ 




Let A B, C D be two equal and parallel lines joined by 
AC, B D ; these lines are also equal and parallel. 

Draw the right line BG. Because BC meets the two 
parallels A B, C D, the alternate angles A B C, B C D are 
equal (24) ; and because these angles have their sides A B, 
B C and D C, C B respectively equal, the subtending lines 
AC, BD are also equal, and form the equal angles AC B, 
C B D (1 1). But these are alternate angles ; wherefore A C, 
B D are both equal and parallel (23). 



CHAPTER II. 

OF TRIANGLES. 



28. When a right line joins the extremities of the sides 
of any angle, it formr with those sides two other angles ; 
and the three right lines meeting each other, enclose a plane 
surface, and constitute a rectilinear figure, the three angles 
of which are characterized by the mutual positions of their 
corresponding sides. 

29. A triangle is a plane figure contained by three right 
lines. These lines are its sides , one of which is termed the 
bases and the vertex of the opposite angle is considered the 
vertex of the triangle. 

B 
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Of the triangle AB C, the base is A C, and its vertex is B, 
that of the angle ABC. 

30. A triangle takes different denominations relatively to 
its sides, all of which may be equal ; or two of them may 
be equal ; or the three may be unequal. 






An eqtdlateral triangle has its sides respectively equal, 
as (a). Its three angles are also equal, since no reason can 
be assigned to make them unequal. 

An iso8cele8 triangle has two equal sides, as (b). The 
inclinations of these sides to the base cannot be conceived 
unlike; and the corresponding angles are respectively 
equal. 

A scalene triangle has all its sides unequal, as (c). No 
two of these sides can be said to be equally posited as re- 
spects tbe third side, and the three angles are all unequal. 



§ 1. OF THE ANGLES AND SIDES OF A TRIANGLE. 

THEOREM I. 

31. TTie three angles of every triangle are together equal 
to two right angles. 

B E 




In the triangle ABC, the three angles A, B, B C A, are 
together equal to two right angles. 

Produce the side A C to D ; and at the point C, let the 

right line C £ be parallel to A B. Because the right line 

A D meets the parallels A B, C E, the exterior angle D C E 

is equal to the interior opposite angle A ; and for a like 

B 



I 
4 
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reason, the angle B C E is equal to the alternate angle 6 ; 
therefore the whole exterior angle B C D is equal to the 
two angles A, B. To these add the angle B C A, and the 
two adjacent angles BCD, B G A are together equal to the 
three angles A, B, B C A. But these adjacent angles are 
together equal to two right angles (14) ; wherefore the angles 
A, B, B C A are together equal to two right angles. 

Corollary. The exterior angle formed by producing any 
side of a triangle, is equal to the two interior opposite angles, 
and is therefore greater than either of these angles. 

32. A triangle takes denominations relatively to its angles, 
one of which may be a right angle ; or an obtuse angle, the 
other two angles being acute ; or the three angles may all be 
acute (31). 

D 






A right angled triangle has one right angle, as A. The 
side opposite to this angle is called the hypotenuse; the two 
other sides are termed the base and perpendicular. 

An obtuse angled triangle has one obtuse angle, as B; 
and an acute angled triangle has all its angles acute, as C, D, 
and E. The two last triangles are also denominated oblique 
angled triangles.- 



THEOREM II. 



33. If two angles of a triangle be equals the opposite 
sides are equal; and conversely, if two sides be equals the 
opposite angles are equal. 




In the triangle ABC, if the angle A be equal to C, the 
side B C is equal to A B ; and conversely. 
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At the vertex B, let the right line B D make the angle 
A B D equal to C B D. Because the angles A, A B D are 
respectively equal to the angles C, C B D ; the exterior angle 
B D C of the triangle A B D is equal to the exterior angle 
B D A of the triangle C B D, (cor. 31). But the angles B D C, 
BDA are right angles, (11), and are subtended by the lines 
B C, B A, forming with B D the equal angles C B D, A B D ; 
wherefore these lines or sides B C and B A are equal, (19). 

In the converse case, the equal angles A B D, G B D, have 
the side BD common and BA equal to BC. The equal 
subtending lines AD, CD, (11), form equal angles with these 
sides, and the angles A and C are therefore equal. 

Corollary. A right line which bisects the vertical angle of 
an isosceles triangle, also bisects the base and is perpendi- 
cular to it, (11.) 

Remark. The latter part or converse of this theorem has 
already been considered as evident, (30). It is here inserted 
chiefly on account of the corollary resulting from its demon- 
stration. 

THEOREM III. 

34. In every triangle^ the greater angle is opposite to the 
greater side^ and conversely, the greater side subtends the 
greater angle. 




D c 



In the triangle A B C, if the side A C be greater than A B, 
the angle A B C is greater than C ; and conversely. 

Let A D be equal to A B, aAd join B D. The angle A D B 
is the exterior angle of the triangle B D C, and is greater 
than the interior opposite angle C, (cor. 31). But the angle 
A D B is equal to A B D, because A B is equal to A D, (33) ; 
wherefore the angle A B D is greater than C ; and much 
more is the angle ABC greater than C. 

In the converse case, in which the angle A B C is greater 
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than C, the side A C cannot be equal to A B, for then those 
angles would be equal ; nor can A C be less than A B, for 
then the angle ABC would be less than C ; wherefore the 
side A C must be greater than the side A B. 

THEOREM IV. 

36. Any two sides of a triangle are together greater than 
the third side. 




A c 

Any two sides A B, B C of the triangle ABC, are together 
greater than the third side AC. 

In A B produced, let B D be equal to B C and join C D. 
Because the sides B C, B D of the triangle B C D are equal, 
the opposite angles D, B C D are equal, (33) ; and the angle 
A C D which is greater than B C D is therefore greater than 
the angle D. Wherefore A D is greater than A C, (34) ; but 
A B, B C are together equal to A D ; therefqre A B, B C are 
together greater than A C. 

A' 




B 

Corollary, Any two right lines which intersect each other, 
are togetl^^r greater than two right lines joining their ex- 
tremities ;y the four segments at the point of intersection 
being evidently greater than the two connecting lines. 

THEOREM V. 

36. Any two sides of a triangle are together greater than 
two right lines drawn from any point unthin the triangle^ 
to the extremities of the third side. 




' '/. 
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Any two sides AB, B C of the triangle A B C are together 
greater than AD, D C,^ drawn from the interior point D to 
the extremities of A C. 

Produce A D to meet B C in E. The two sides A B, B £ 
of the triangle ABE, are together greater than A E (36) ; 
and adding C E, the two sides A B, B C are together greater 
than A E, E C. For a like reason the sides A E, E C of the 
triangle A E C are together greater than A D, D C ; and there- 
fore, much more are A B, B C together greater than A D, D C. 



$ 2. OF THE ANGLES AND SIDES OF TWO TRIANGLES. 

37. The three angles of every triangle, independently of 
the lengths of its sides, heing together equal to two right 
angles (31), it follows that two triangles may have their 
angles respectively equal,|, and their sides unequal. To 
establish the equality of the angles and sides of any two 
triangles, they must have at least two corresponding sides 
equal to each other ; and conformably to this restriction, the 
conditions which determine such equality are comprised in 
the four following theorems. / 

THEOREM VI« 

38. If two triangtea have two sidea^ and the included 
angle of the one respectively equcd to two eides and the 
included angle of the other ^ the remaining sides and angles 
are respectively equal. 

This theorem appears te be self-evident (10)«. 

THEOREM VII. 

39. If two triangles have two angtes^ and the adjacent 
side of the one respectively equal to two angles and the adja- 
cent side of the other ^ the remaining angles and sides are 
respectively equal. 

b2 
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This theorem appears entirely evident. The triangles 
obyiously become identical when either is applied to the 
other (19). 

THEOREM VIII. 

40. If two trianglei have two tidei^ and an angle of the 
one reepectiveiy equal to two sides and an angle of the 
other; and if these angles be subtended by corresponding 
equal sideSf the remaining sides and like angles are re- 
spectively equal. 





Q ¥ a 

Let A B C, D E F be two triangles of which the sides 
A B, B C, and the angle A are respectirely equal to the 
sides D E, E F, and the angle D ; the sides A C, D F are 
equal, and the angles B, C are respectively equal to the angles 
DEF, EFD. 

For if the triangle ABC be applied to the triangle DEF, 
so that the vertices, and sides of the equal angles A, D may 
be coincident ; the side B C will coincide with E F ; or if 
not, it will coincide with E 6, a right line terminating in the 
side D F, or in its prolongation. But the angles E F D, E G D 
or C being alike acute or obtuse, the supplement of either is 
obtuse when the other is acute (16), and the contrary; the 
angles E F 6, E 6 F of the triangle E F 6 are therefore un- 
equal ; and E 6 or B C is less or greater than the equal side 
E F (34), which is impossible. The side B C cannot theice- 
fore coincide with E G, but must be coincident with E F ; 
and the triangles ABC, DEF being identical, their angles 
and sides are respectively equal. 



N wm 



THEOREM IX. 

41. If two triangles have the three sides of the one re-i 
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spectively equal to the three sides cf the other ^ their angles 
are respectively equal. 





Let ABC, DEF be two triangles, of which the sides 
A B, B C, C A are respectively equal to D E, E F, F D ; the 
angles A, B, C are respectively equal to D, E, F. 

For if the triangle A B C be applied to the triangle DEF, 
so that the equal bases A C, D F and their corresponding 
extremities A, D may be coincident, the sides A B, B C will 
respectively coincide with DE, EF; or if not, they will 
fall within the triangle DEF, or without it; or one of 
them as A B, and a contrarily posited side E F of the same 
triangle, will intersect each other, and form angles subtended 
by the remaining sides B C, D E. But A B, B G being toge- 
ther equa] to D E, E F, can neither fall within nor without 
the triangle DEF (36) ; and A B, £ F being together equal 
to D E, B C, cannot intersect and be joined by these lines 
(cor. 35) ; wherefore A B, B C must coincide with D E, E F, 
and the. angles A, B, C are respectively equal to the angles 
D, E, F. 

Remark, The truth of this theorem appears evident with- 
out demonstration. No reason can be conceived why the 
equal sides similarly connected should not be similarly 
posited, and form with each other angles respectively equal 
in the two triangles ; and although the superposition of these 
triangles does not establish their identity as in other obvious 
cases, yet the evidence of this identity appears to be neces- 
sarily implied in the conditions enunciated. 

42. The following theorem and its converse are in some 
mearaie allied to the preceding. They respect the inequality 
of a ode and its opposite angle in each of two triangles, the 
only cases of the kind entitled to particular notice^ 
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THEOREM X. 

43. If two trianglei have two sides of the one respectively 
equal to two sides of the other, but the angles contained by 
those sides unequal; the third side of that triangle which 
has the greater angle^ is greater than the third side of the 
other triangle. 

B 





Let ABC, DEF be two triangles in which AB, AG 
are respectively equal to D E, D F, but the angle E D F 
greater than the angle A ; the side E F is greater than the 
side B C. 

At the point D, let the angle FD G be equal to A, and let 
the side D6 be equal to DE, or AB; join FG. The 
triangle D G F is equal in all respects to the triangle ABC 
(38), and G F is therefore equal to B C. The point G may be 
in the side E F, or it may be within or without the triangle 
DEF. In the first position, E F is obviously greater than 
G F or B C ; in the second, D E, E F are together greater 
than D G, G F (36), and D E being equal to D G, E F is 
greater than G F or B C,« and m the third, D G, BF are 
together greater than D E, G F, and D G» D E *beiBg equal, 
E F is greater than G F or B C. 

Corollary. The converse is also true, and the* greater ang^ 
E D F is opposite to the greater side E F f for this angle can- 
not be equal to A or less than ft, since then the side £ F 
would be equal to or less than B C ; conclusions contrary 
to hypothesis. 



$ 3; OF THE PROPORTION OF THE SmBS OF TRIANGLES.. 

44. The sides of triangles being right lines of definite and 
similar extension, may be conceived as formed of equal. 
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parts, and referred to units capable of determining their par- 
ticular lengths and mutual relations. 

B 




Of the triangle ABC, the sides A B and A C are supposed 
to contain the linear unit M,four ^ndjive times respectively. 
These sides relatively to this common unit may evidently 
be represented by the numbers 4 and 5, which determine defi- 
nitely their particular lengths, and their relation to each other. 

45. The sides A B, A C may also be expressed by multiples 
of 4 and 5, relative to a corresponding submultiple or part of JVftk 
Thus the lengths of these lines may be^S^uiJ'ity b^^y!and 
15, &c,, the corresponding units befng parts of M cpnt^ned 
in this line tunce, three times, &c. • ^ V# S \ ^ 

46. The ratio of the sides A B, A C is written A B : A C : 
and that of their lengths 4 : 5, or 8 : 10, &c. The equality 
of these ratios constitutes the proportion AB : A C :: 4 : 5, 
or AB : AC :: 8 : 10, &g, ; which is read AB is to AC, 
as 4 to 5, &c. 

47. If either of the sides A B, A C, or both of them, be 
supposed such as to be incapable of containing exactly a 
common linear unit, their ratio cannot be expressed by num- 
bers, and they are said to be incommensurable. With re- 
spect to A B, A C thus constituted, an approximating sub- 
multiple of either may be taken as a common unit, by which 
their lengths and corresponding ratio may be numerically 
determined within any assigned degree of accuracy. 

Remark, The proportion of right lines represented by 
numbers and without regard to their mutua} positions, as has 
been observed at the conclusion t>£. the preface to this work, 
forms no part of pure geometry, but properly belongs to 
algebraic investigation. Reference will therefore be made to 
the general theorems there introduced, whenever the proper- 
ties of proportional quantities occurrinl]^ in the course of 
demonstration, may require particular notice. 
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THEOREM XI. 

^. If a right line be parallel to one of the Hdea af a 
triangle, it divides the other sides proportionally • 

B 




i^ E • 

Let A B C be a triangle in which D E is parallel to the 
side B C, the sides A B, A C are divided proportionally* so 
that AD : DB :: AE : E C. 

For if A D contains 3 linear units and D B contains 2, 
making AD : DB :: 3 : 2; and if through the several 
points of division in AB, right lines be drawn parallel 
to the sides 'A C, B C, there will be formed on the equal parts 
, of ABjby these parallels, triangles respectively equal (39), 
and having equal sides parallel to A C, B C. The sides 
parallel to B C will intercept equal parts of A C (26) ; and 
considering one of these parts as a unit, there will result the 
proportion A Bi^ E C : : 3:2. But by hypothesis, A D : 
DB :: 3 : 2; wherefore by comparison of equal ratios, 
AD : DB:: AE : E C. 

Corollary. A right line parallel to one of the sides of a 
triangle divides the other sides into parts which are respect- 
ively proportional to those sides ; for A D, A B and A E, A C 
have the same ratio 3:5; and D B, B A ; E C, C A have the 
ratio 2 : 5. 

Remark, The converse of this theorem is also true, since 
no right lines but those which are parallel to one of the sides 
can divide the other sides proportionally. 

^ A THEOREM »[I. 

49. 7!%e cmrrespondinfg^Hd^^jymDo eqtiiangtdar tri 
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are, respectively proportional. 
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Let ABC, D E F be two triangles of which the angles 
A, B, C are respectively equal to D, E, F ; the correspond- 
ing sides, opposite to the equal angles, are respectively pro- 
portional, as A B : D E :: A C : D F. 

In D E, D F, let D G, D H be respectively equal to AB, 
AC, and join GH. Because the angles A, D are equal and 
have equal sides, the angle B is equal to DGH (11); and 
because the angle B is equal to E, the angle D G H is also 
equal to E, and G H is parallel to E F (cor. 23). Wherefore 
DG:DE::DH : DF; or AB : DE::AC : DF. In 
like manner the other corresponding sides are proved to be 
proportional. 

50. Similar triangles are those which have their angles 
respectively equal, and their corresponding or homologous 
sides proportional. 

Corollary. Two equiangular triangles are similar (49). 

THEOREM XIII. 

51. Two triangles are similar when their sides are re- 
spectively proportional. 

E 





HP 

Let A B C, D E F be two triangles in which A B : D E :: 
A C : DF :: B C : E F; the triangles AB C, D E F are 
similar. 

In D E, let D G be equal to A B, and let G H be parallel to 
E F. The triangles DGH, D E F have a common angle 
D, and the angles at the subtending parallel sides G H, E F 
respectively equal (cor. 24) ; they are therefore similar, and 
DG:DE::DH:DF (49). . But by hypothesis AB : 
D E :: A C : D F, and D G is equal to A B ; wherefore by 
comparison of equal ratios, D H is equal to A C. In like 
manner, GH is proved equal to BC; and the triangles 
ABC, DGH (41), are equiangvlar. But the triangles 
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D G H, D E F are also equiangular ; wherefore the trianf^es 
ABC, D E F are equiangular and similar. 

Remark. If the equality of G H, B C be passed without 
notice, and the last reference changed into (38) ; this demon- 
stration will prove that; 

62. Two triangles are similar when they have two sides 
containing an equal angle ifi each triangle respectively 
proportional. 

63. The preceding theorems comprise the fundamental 
properties of similar triangles, the consideration of which» 
in geometrical researches, occurs perpetually. The follow- 
ing theorems demonstrated by such triangles, will exem- 
plify their application, and sufficiently establish their im- 
portance. 

THEOREM xnr. 

64. In a right angle triangle^ a perpendicular drawn 
from the right angle to the hypotenuse, is a mean pro^ 
portional between the segments of this side; either of the 
sides containing the right angle is a mean proportional 
betvieen the hypotenuse, and its segment adjacent to thU 
side; and the square of the hypotenuse is equal to the 
squares of the other two sides. 

B 




A DC 

Let AB C be a right angled triangle in which B D is per- 
pendicular to the hypotenuse AC; B D is a mean propor- 
tional between AD, DC; the sides AB, BC are mean 
proportionals between AC, AD and AC, CD respectively; 
""^v^d A C» is equal to AB», B C* taken together. 

The triangles A B D, D B C have an angle in each common 
to the triangle ABC, and the angles at D are right angles ; 
these triangles are therefore similar to A B C (31), and 
to each other; and AD : DB :: DB : DC; or DB is a 
mean proportional between AD, DC. In like manner,. 
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jM, : AB :: AB : ADand C A : C B :: C B : C D. Prom 
tnese two proportions by multiplying extremes and means, 
AC.AD=:AB«, AC.DC=BC»; the sum of which is 
AC.(AD+DC)=AB»+BC«; or AC«=AB»+BC«. 

CoroUary, The square of either side containing the right 
angle is equal to the difference of the squares of the hypo- 
tenuse and the other side ; for A B'= A C^ — B C ; or 
B C«=A C«— A B«. 

Remark. The last property enunciated in this theorem 
is entitled to particular consideration. It establishes a 
numerical connexion between the three sides of a right angled 
triangle, by means of which any one of them may be deter- 
mined when the other two are given ; and it also leads to an 
equation involving the sides of any oblique angled triangle, 
and the segmenli of either terminated by a perpendicular 
drawn from the opposite angle. This equation may be thus 
expressed as a theorem allied to the preceding : 

THEOREM XV. 

95. In any oblique angled triangle^ the square of the aide 
subtending the oblique angle, is equal to the squares of the 
two other sides, diminished or increased according as the 
oblique angle is acute or obtuse, by twice the product of 
either of these sides, and the right line interested between 
its extremity and a perpendicular drawn to it or to its pro- 
longation from the (^pesite angle. 





A' 

LiCt AB C be an oblique, angled triangle, in which ACB 
is the oblique angle, and B D a perpendicular to A C or its 
prolongation ; A B«=B C«+C A«=f2 C A . C D. 

Because A D is either the ^difference or the sum of C A 
and C D ; A D=:C A=fC D, the square of which is A D'^s* 
C A»-f-C D«=F2<^ A.C D (th. 4). Add B D» to these equals 
and AD«-f-B D»— C A«+C D«+B D»:f2C A.C D. But AB» 
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«■ A D«+B D» and B C«=:C D»+B D» (54) ; wherefore A B«« 
BC«+CA«=FaCA.CD. 

Corollary 1. tf D A's=D A, the triangle ABA' formed by 
joining B A' will be isosceles ; C A'^C A — 2 C D, and there- 
fore A B'a&B C'-f C A.C A', which may be thus expressed : 

Tlu iguare of either of the equal aidei of an Uosceles 
triangle, t» equal to the square of a right line drawn from 
the vertical angle to the base, together unth the product of 
the segments of the base, 

2. IfCA':=CAso that BC may bisect the base of the 
triangle ABA', the two triangles ABC, CBA' will have 
C B common ; and therefore A B>+B A'>«:2 AG'+2 B C* ; or 

TTie squares of any two sides of a triangle are together 
equal to twice the square of half the base^ and tunce the 
square of a right line drawn from the vertix to the middle 
of the base. 

Remark. The particular properties just inferred are in- 
volved in a general expression connecting the sides of any 
triangle, a right line drawn from the vertex to the base, and 
this side, and its segments. For in any triangle ABA% 
A B«=B C«+ C A»— 2 C A.C D and A' B»=B C«+C A'«+ 
2CA'.CD, the sum of which respectively multiplied by 
C A', C A gives the expression. 

56 A B».C A'+ A' B».C A— B C«. A A'=C A.C A'. A A', 

which may be easily enunciated in ordinary language, if con- 
sidered necessary. 

THEOREM XVI. 

57. If a right line bisect the vertical angle of a triangle 
and meet the base, it divides the base proportionally ; and 
the product of the sides containing the bisected angle, is 
equal to the product of the: segments of the base, together 
with the square of the bisecting line. 




::&.D' 
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Let A B C be a triangle in which B D bisects the vertical 
angle; AB : BC :: AD : D C, and AB.BCn=AD.DC 
+BD«. 

At the points C and A, let the angles B C E, D A F be 
respectively equal to B A D, C B D, and produce B D to 
meet A F. The triangles A B D, C B E are evidently equi- 
angular, and therefore AB:BC::AD:CE (49). But 
the triangle C D E is isosceles, since the angles C D E, 
O E D are the exterior angles of the preceding triangles ; 
wherefore C E is equal to C D, and A B : B C :: A D : D C. 

Again, the triangles ABF, BDC, DAF being evidently 
similar,^AB :BD::BF: B C, and BD: AD :: DC:DF, 
the product of the extremes and means of which give 
A B.B C=B D.B F and B D.D F=A D.D C. But B D.B F 
=B D.(B D+D F)=:B D»+B D.D F ; wherefore by equality 
AB.BC=AD.I)C+BP». 

Corollary, If A B, B Cf be respectively equal to A C, A D, 
there will result A C : A D :: A D : D C, or A D is a mean 
proportional between the base A C and the segment D C ; in 
which case the right line A C is said to be divided in extreme 
and mean ratio. According to this supposition B D=sA D 
or B C, and the isosceles triangles BAG, C B D have the 
angles at their bases double their vertical angles. 

Remark, If the exterior angle at B be bisected by B D' 
meeting the base produced in D', the sides A B, B C will 
also be proportional to the segments A D', D' C ; and there 
will result AD' : D'C :: AD : DC; in which case the 
right line A D' is said to be divided harmonically in the 
points C and D. 

The latter part of this theorem, by virtue of the first part, 
results from the general expression (56). 

THEOREM XVII. 

68. If three right lines he drawn from the angular points 
of a triangle through any interior point to meet the opposite 
sides f they will divide those ^ides into segments^ of which 
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each three taken alternately round the triangle, form two 
equal products. 




A £ c 

Let ABC be a triangle AE, CD. BF and C E, AF, 
BD, the alternate segments of iu sides, formed by right 
lines drawn from the angular points through the interior 
point O, the product A E.C D.B F=C E.A F.B D. 

At the points A and C, let A 6, C H be parallel to B O E, 
and produce C F, A D to meet these parallels in 6, H. The 
triangles A O E, A H C are similar ; and ako the triangles 
AOG, HOC; wherefore AE : EC:: AG : HC. But 
the triangles A F 6, B F O are similar, and also the triangles 
CDH,BDO; wherefore AG : BO :: AF : BF and B O : 
CH :: BD : CD, which multiplied together give the pro* 
portion AG :XJH:: A F.B D :BF.CD. But AE: EC :: 
AG:HC, as has been demonstrated; wherefore AE: 
EC:: A F.B D : BF.C D, the products of the extremes and 
means of which give A E.C D.B F=C E.AF.B D. 

Corollary. When AE:5»CE; CD,BF=AF.BD and 
the sides are divided proportionally at D and F. 

If A E=:C E and also C D=nB D, there results A F=B F, 
so that the bisection of the third side is a consequence of the 
bisection of the other two sides« 



§ 4. OF THE EQUALITY OF THE SURFiXJES OF TRIANOLES. 

59. The conditions mentioned in the section preceding 
the last, evidently involve the equality of the surfaces of two 
triangles, as well as that of their angles and sides. But 
these conditions are not necessary when the equality of two 
triangles is considered only as respects that of their con 
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tained surfaces ; for this equality of surfaces may evidently 
subsist, independently of the mutual coincidence of the sides 
and angles of the triangles. 

THEOREM XVIII. 

60. 7\vo triangles which have a common Hde and vertex, 
and eqttal basei in the same right line, are respectively equal. 

E ' B 



/XTx 



Let A B C, B C D be two triangles, having a common side 
B C, and equal bases A C, C D in the same right line A D ; 
the triangle A B C is equal to the triangle BCD. 

At the point A, let the right line A E be equal and parallel 
to B C ; and join C E intersecting A B in F. Because the 
angles E A C, B C D are equal (cor. 24), and their contained 
sides also equal, the triangle E A C is equal to B C D (38) ; 
and because E A is equal to B C, and the angles E, E A F 
respectively equal to F C B, C B F (24), the triangles E A F, 
F B C are also equal (39). To each of these triangles add 
AFC, and the triangle E A C is equal to A B C. But the 
triangle E A C has been proved equal to BCD; wherefore 
the triangle A B C is equal to B C D. 

Corollary, A right line drawn froi^ the vertex of a triangle 
to the nj^iddle of the base, divides the triangle into two equal 
parts. 

• 

THEOREM XIX. 

61. Two triangles which have a common vertex and 
equal bases in the same right line are equal, 

B 



zlt^ 



A DF C E 

Let A B C, D B E be two triangles having a common ver- 

c2 
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tez B, and equal bases A G,D E in the same right line A E, 
the triangle A B C is equal to B D E. 

In C D let C F be equal to F D, and join B F. Because 
A C,D E are equal, and also C F, F D, the remainders 
A F, F E are equal ; and therefore the triangle A B F is equal 
to FBE (60); and also the triangle DBFis eqnal to FB C. 
Add these equal triangles respectively together, apd tbe 
whole triangle A B C is equal to the corresponding triangle 
DBE. 

In like manner may the equality of A B C and D B E be 
proved, should the points C, D be interchanged, by merely 
reading wholes for remainders, and the contrary. 

62. The altitude of a triangle is a perpendicular drawn 
from its vertex to the base, or to the base produced. 

CoroUary. Two triangles have a common altitude when 
they have a common vertex, and their bases in the same 
right line ; and triangles having a common altitude and equal 
bases are respectively equal, according to the preceding 
demonstra^tion. 

THEOREM XX. 

63. T%Do tnanghs which have equal hoses and altitudes 
are respectively equal. 





Let ABC, I>EF be two triangles of which the equal 
bases are A C, D F and the equal altitudes B G, £ H; the 
triangle A B C is equal to D £ F. 

In D H produced, if necessary, let H K, H L be respect- 
ively equal to 6 A, 6 C ; and join £ K, £ L.. The right 
angled triangles A B G, B G C are respectively equal to 
K £ H, £ H L (38) ; and therefore the triangle A B G is equal 
to KEL. But the triangle KEL is equal to P£F (61) ; 
wherefore the triangle A B G is equal to D £ F^ 
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Corollary. Two triangles on equal bases and between the 
same parallel right lines are equal ; for those triangles hare 
equal altitudes respectively perpendicular to the parallels (26). 



5. or TBM PROPORTION OP THE AREAS OP TRIANOLIS. 

64. The possibility of dividing triangles into two or more 
equal parts immediately follows 'as a consequence from the 
preceding theorems. These figures may therefore be my- 
mericaUy expressed by referring them to particular units, and 
their relations may be determined in the same manner as the 
relations of their sides. 




Of the preceding triangles A B C, D B E, the first is sup-v 
posed to contain three equal parts, and the second two. 
The ratio of these triangles r^erred to one of their compo- 
nent parts, considered as a common unit, is therefore the 
same as the ratio of 3 to 2 ; and these ratios equated, consti- 
tute the proportion ABC ; DB £ :: 3 : 2, in which for 
brevity, the word triangle has been omitted before ABC and 
DBE. 

65. The area of a triangle is the number which expresses 
how often it contains a particular unit. The area of A B C 
may therefore be expressed by 3 ; that of D B £i by 2 ; and 
the ratio of these areas is the sanie as the ratio of their 
corresponding triangles. 

THEOREM X^;^ 

66. 7\oo triangles which have equal altitudes are prO'^ 
portional to their bases. 

B E 





H F 
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Let A B G, D E F be two triangles of which the altitudes 
B 6, EH are equal; ABC : DEF:: AC : DF. 

For if the base A C contains four units of which D F con- 
tains three, so that A G : D F :: 4 : 3 ; and if the yertices 
and the several points of division in the bases be joined; the 
triangle ABC will be divided into four equal parts, and the 
triangle D E F into three ; wherefore ABC : DEF:: 4 : 3. 
But by hypothesis, A C : DF :: 4 : 3; therefore ABC : 
DEF::AC:DF. 

THEOREM XXII. 

67. Two triangles which have equal hoses are propor- 
tional to their altitudes. 





A o c D F H 

Let ABC, DEF be two triangles of which the equal 
bases are AC, DF and B6, EH the altitudes; AB C : 
DEF:: BG : EH. 

At the point D, let D L be perpendicular to D F, and let 
D K, D L be respectively equal to the altitudes B G, E H ; 
join K F, L F. The triangles ABC, D K F have equal 
bases and altitudes ; and are therefore equal (63). For the 
same reason, the triangles D E F, D L F are equal* But the 
triangle DKF :DLF::KD :LD(66); whereforeABC : 
DEF::BG:EH. 

THEOREM XXIII. 

68. Two triangles are proportional to the products of 
their bases and altitudes. 





Let A B C, D E F be two triangles of which the bases are 
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A G, DF, and the altitudes B6, E H; the triangle AB G : 
DEF::AG.BG:DF.EH. 

In EH, let OH be equal to the altitude B G, and join 
D O, F O. The triangles A B G, D O F have equal altitudes, 
and therefore ABG : DOF :: AG : DF (66). The tri- 
angles DOF, DEF have the same base, and therefore 
DOF:DEF::OH:EH (67). Multiply these equal 
ratios, and there will result ABG : DE F :: AG.B 6 : 
DF.EH(th.7). 

THEOREM XXIV. 

60. 7\vo triangles which have one angle of the one equal 
to one angle of the other, are proportional to the products 
of the sides which contain those angles. 

E 
B 





Let A B C, D E F be two triangles in which the angles 
A, Dare equal; ABG : DEF :: AB.AG : DE.DF. 

For if A G, D F be the bases, and B G, £ H the altitudes, 
the two right angled triangles A B G, D E H having equal 
angles A, D are similar, and AB;D£::B6;£H» whiph 
multipUed by the ratio A G : D F gives A B.A G : D E.D F :: 
AG.BG:DF.EH. ButABG : DEF:: AG.B G : DF.EH 
(68) ; wherefore A B G : DEF :: AB.AG : DE.DF. 

THEOREM XXV. 

70. T\oo similar triangles are proportional to the squares 
iff their corresponding sides. 





A O D F 

Let AB G, DEF be two similar triangles in )^hich A, D 
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are equal angles, and AB, D£ homologous sides; ABC : 
DBF:: AB« : DE». 

Because the angles A, D are equal, ABC : DBF :: 
AB.AC : DE.DF; and because the triangles ABC, DEF 
are similar, AB:DB::AC:DF, which multiplied by 
the ratio AB : DE gives AB' : DE' :: AB.AC : DB.DF. 
Compare this and the first proportion, and ABC : DBF :: 
AB«:DE«. 

Corollary. Two similar triangles are proportional to the 
squares of their perimeters ; for those perimeters having all 
their parts respectively proportional, are themselves propor- 
tional to any two corresponding parts ; and their squares are 
proportional to the squares of those parts. 



CHAPTER III. 

OF QUADRlLATERiXS. 



71. When two right lines subtend any two adjacent angles 
and diverge at the extremity of the common intermediate 
side, they form, in connexion with the two other sides, a plane 
rectilinear figure which has four angles, and which is cha- 
racterized by the lengths and positions of its bounding sides. 

72. A quadrilateral is a plane figrure contained by four 
right lines or sides. One of these sides is named the ftiwe, 
and the right line which joins the vertices of any two 
opposite angles is termed a diagonal. 





The figure AB C D is a quadrilateral, of which A D is the 
base and A C is a diagonal. The figure E F G H is also a 
quadrilateral ; B H is the base, and E G a diagonal. 

In A B C D, the angles have their sides similarly posited 
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2S respeeis the bounded surface. In E F G H this is not the 
caae^ and the two sides F G, H G are interiorly directed, and 
form at G what is technically named a reentrant angle^ rela- 
tively to which the three angles at E, F, H are called salient 
angles. In this treatise no further notice will be taken of 
reentrant angles, the consideration of which is entirely unne- 
cessary in determining the properties of the sides and areas 
of rectilinear figures. 



$ 1. OF THE ANGLES AND SIDES OF A QUADRILATERAL. 

THEOREM I. 

73. Tlie interior angles of any quadrilateral are together 
equal to four right angles; and the corresponding exterior 
angles formed by producing the sides in like directions are 
also equal to four right angles. 

c , c 

B 





Let A B G D be a quadrilateral ; the interior angles A, B, 
Cy D; and also the corresponding exterior angles are equal 
to four right angles. 

Draw the diagonal A G. The figure A B G D is composed 
of the two triangles ABG, GDA, and its interior angles 
A, B, G, D are evidently composed of the angles of these 
triangles, and which are together equal to four right angles 
(31) ; wherefore the interior angles A, B, G, D are equal to 
four right angles. 

In the second case, the exterior and corresponding interior 
angle at any of the vertices A, B, G, D are together equal 
to two right angles (cor. 31) ; therefore all the exterior and 
interior angles of the figure are together equal to eight right 
angles. But the interior angles ^«re equal to four right 
angles ; wherefore the exterior corresponding angles are also 
equal to four right angles. 



36 



XLEMENTI OF OKOMSTRY. 



74. A qaadrilateral takes the following denominations 
relative to the positions and lengths of its sides, which may 
be unequal or equal : 



t^\ 



I 



nn 



75. A trcq^ezium is a quadrilateral of which the opposite 
sides are not parallel ; as figure (a). Two of the sides of a 
trapezium are evidently unequal. 

76. A trapezoid is a quadrilateral of which only two sides 
ace parallel; as figure {py The two parallel sides of a 
trapezoid are necessarily unequal. 

77. A parallelogram^ or rhomboid, is a quadrilateral of 
which the opposite sides are parallel ; as figure (c). 

The opposite sides of a parallelogram are respectively 
equal (27), and also the opposite angles; for a diagonal 
evidently divides it into two equal triangles. 

A parallelogram assumes the following forms : 





78. A rhatnbua^ or lozenge, is a parallelogram of which 
the sides are all equal; as figure (d). The angles of a 
rhombus are not right angles. 

79. A rectangle, or oblong, is a parallelogram of which 
the angles are all right angles; but the sides are not all 
equal ; as figure (e)« 

80. A square is a parallelogram of which all the sides are 
equal, and all the angles right angles ; as figure (/)• 

THEOREM II. 

81. TTie two diagonals qf a parallelogram bisect each 
other, ^ 




A^ 
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In the parallelogram A B G D, the ^agonala A C, B D 
bisect each other in tiie ppint O. 

Because A C, B D me^t the < parallel right lines A D, B C, 
the angles O A D, O D A are respectively equal to O G B, 
O B G (24) ; and A D heing equal to B G (77), the triangles 
O A D, 0GB have the sides O A, O D respectively equal to 
OG, OB (39); and therefore AG, BD are bisected at the 
point O. 



S S. or THE ANOLES AND SIDES OF TWO QUADRILATERALS. > 

THEOREM m. 

B2. 7\ro quadrilaterala which are composed oftrianglea^ 
having equal angles and aides similarly situated^ have their 
angles and sides respectively equal. 

For the angles of the quadrilaterals are composed of equal 
angles contained by equal sides, and the figures evidently 
l>ecome identical, when one is applied to the other. 



$ 3. or THE ntopoRTioN or the sides or quadrilaterals. 

THEOREM IV. 

'83. TYtd qtuxdrUaieralSf which are composed of similar 
triangles similarly situated, are equiangular, and have their 
homologous sides proportional. 





Let A B G D, E F 6 H be two quadrilaterals, of which the 
•component triangles ABG, AGD and EFG, E6H, are 
respectively similar ;ABGD, EFGHare equiangular, and 
AB:EF::GD:GH::AD:EH. 

Because the triangles A B G, A G D are similar to E F 6* 

D 
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EGH, the whole angles BAD, BCD are respectiTely 
eqaal to FEH, F9H; and the angles B, D being mlso 
equal to F, H, the quadrilaterals are equiangular. 

Because the triangles ABC, E F 6 are similar, A B : 
E F :: A G : E 6; and because the triangles A C D, E G H 
are similar, A G : E G :: C D : 6 H :: A D : EH. Com- 
pare these and the preceding ratios, and A B : E F :: C D : 
GH:: AD:EH. 

Corollary, The perimeters of similar quadrilaterals are 
proportional to any two homologous sides. 

THEOREM Y. 

84. 7%e squares of the two diagonals of a paraUdogram 
are eqtuU to the squares of the four sides. 




^ 

■''^ A D E 

Let ABGD be a parallelogram; A G«+B D*aA B*-f 
BG«+CD»+DA^ 

Produce AD; let D E be equal to A D, and join C E. 
Because AE, the base of the triangle AGE, is bisected, 
A G«+G E»=2 A D»+2 G D« (cor. 55). But G E is equal 
to BD (77), and AD, CD are respectively equal to the 
opposite sides BC, AB;>herefore AG«+BD«— AB'^- 
BC'+CD'+DA*. 



§ 4. OF THE EQUALITT OF THE SURFACES OF QUADRILATERALS. 

THEOREM VI. 

85. 7\uo parallelograms which have equal bases and alti- 
tudes are respectively equal. 

For diagonals divide the parallelograms into triangles 
which have equal bases and altitudes, and which are respect- 
ively equal (63). The parallelograms being composed of 
these equal triangles, are therefore respectively equal. 
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Corollary. A parallelogram is eqaal to a rectangle of the 
same base, and having the same altitude^ and a parallelogram, 
or a rectangle, is equal to twice a triangle on the same base 
and between the same parallels* 



THEOREM VII. 



86. ^parallelogram is equal to twice a trapezoid of the 
same altitude^ and of which the two parallel sides are toge- 
ther equal to the base of the parallelogram. 




E 



A F D 

Let A B C D be a parallelogram of which the base A D is 
equal to the parallel sides A F, B £ of the trapezoid A B E F, 
the parallelogram is equal to twice the trapezoid. 

Because A D is equal to B G and F D to B E, A F is equal 
to E G ; but A B is equal to C D, wherefore the trapezoid 
A B E F has its sides respectively equal to the trapezoid 
E G D F ; and these figures being evidently equiangular, are 
equal in aU respects, and therefore A B G D=2.A B E F. 

Corollary. A trapezoid is half a rectangle of the same 
altitude, and of which the base is equal to the parallel sides 
of the trapezoid. 

THEOREM VIII. 

87. The square on the hypotenuse of a right angled 
triangle is equal to the two squares on the other sides. 




E H D 

Let AB G be a right angled triangle, of which the hypo- 
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tcDDse is A C ; the aqnare A G D E ia equal lo the two 
iquares B F, B G, on (he other sidee A B, B C. 

Join BE, GF, and let BH be parallel to AE or CD. 
The angles C A E, B A F are right angles (80), and the 
angle B A C ia adjacent lo each ; wherefore the angles B A E, 
CAF are equal. Thesides BA, AE and FA,AC of these 
equal angles are also respectively equal; wherefore the 
triangle B A £ is equal to the triangle F A C (S8). But the 
rectangle A H ia twice the triangle B A E (cor. 85} ; and 
BC being evidently parallel toAF (cor. 21), the square BF 
is twice the triangle F A C ; wherefore the rectangle A H ii 
equal to the square B F. In like manner, the rectangle C H 
is proved equal to the square BG; and by addition, the 
square A C D E is equal to the two squares B F, B G. 

Ittmark. This theorem respecting the equality of the sur- 
faces of squares, must not be confounded with the latter part 
of (64), in which the squares there mentioned are the second 
powers of numbers expressing the sides of the trian^e, 
referred to linear units, independently of any considerationt 
connected with (64) or the present section. 




a D 

Another demonatralion. 
Let A B C be the right angled triangle, and A C D E the 
square on the hypoMnuse A C. Produce the sides A B, B C 
parallel to which, and through the point* C, D and A, E, 
draw the right lines C H, F G and A G, F H. Join F B, 
which produce to meet AGinK. The triangle ABC is 
evidently equal to DFE,and alao to eich of' (he triangles 
A G D, E H C ; wherefore A F, C F are parallriograms, and 
B G, B H are squares on A B, B C. The parallelogram A P 
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Ir equal to the rectangle DK, on the same base AD and 
between the same parallels A D, F K (cor. 63) ; and is also 
equal to the square B 6 ; wherefore the rectangle D K is 
equal to the square EG. For a like reason, the rectangle 
E K is equal to the square B H ; and therefore the whole 
square A C D £ is equal to the two squares B 6, B H ; or 
the square of the hypotenuse A C is equal to the squares of 
tbe two other sides AB, B C. 

Remark. The small shaded triangle at D may be taken 
from the square B G, and placed at A in the angle BAG. 
In like manner, the shaded triangle A G D may be remored 
and placed in the angle B G E. The square B G will thus 
constitute the shaded part of the square A G D E, which will 
be completed by the triangle and quadrilateral forming the 
square B H and separated by the right line G E ; and in this 
mechanical mode, the square on the hypotenuse A G may be 
ocularly pr^ed equal to the two squares on the sides 
AB,BG. 



$ 5. or THE PBOPesnoN of ths abias or qvadrilatbhals. 

THEOREM IX. 

88. 7\oo similar qtmdrilaterals are proportional to the 
squares of their homologous sides. 

For those figures are proportional to their similar compo- 
Bent triangles, formed by corresponding diagonals ; and are 
therefore proportional to the squares of their homologous 
tides (70). 

CoToUary. Two similar quadrilaterals are proportional to 
the squares of their perimeters; for these perimeters are 
evidently proportional to any two of the corresponding sides 
of which they are composed. 

THEOREM X. 

80. Two rectangles are proportional to the products of 
A^r bases and altUtides. 

d2 
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For diagonals divide those figures into triangles wbich are 
respectively proportional to the products of their corresponds 
ing bases and altitudes (68). The rectangles composed of 
these triangles are therefore proportional to the same pro- 
ducts of their bases and altitudes. 

Remark. By means of this theorem, the areas of quad- 
rilaterals may be determined conformably to the established 
mode of measuring surfaces. Assume a square of which the 
side is the linear unit of length, as the unit of surfaces. The 
area of this square being 1 and the product of its equal base 
and altitude being also 1 ; the corresponding area of a rect- 
angle in terms of square units may be determined by the 
product of the numbers which express its base and altitude^ 
^d may be represented by this product.. 



B 



I I I 



I I I 
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A D 

Thus the area of the rectangle A B G D, of which the base 
A D and altitude A B contain 4 and 3 linear units, may be 
represented by the product 4.3=12, which evidently ex- 
presses the number of square units contained in the surface 
of ABCD. 



I I 



I I 



I I 



E 



H 



In like manner, the area of the square E F 6 H, relatively 
to the assumed unit, becomes 3.3, or 3'=s9. This figure 
may therefore be represented by the second power, or square 
of its side ; and according to such mode of representation, 
the equality of surfaces forming the subject of (87) becomes 
a consequence of the important property demonstrated in (54), 
and noticed in the remark to (87). 

The area of a triangle, or that of a trapezoid, results 
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directly from the area of a corresponding parallelogram, or 
rectangle ; and thus the areas of quadrilaterals may be deter- 
mined in square units by means of the areas of their com- 
ponent triangles. 



CHAPTER IV. 

or POLYGONS. 



90. When three or more angles at a common vertex are 
subtended by right lines diverging from each other at the 
extremities of the intermediate sides, these right lines and 
the two remaining extreme sides, form in successive con- 
nexion, a plane rectilinear figure which has five or more 
angles, and which is characterized by the lengths and posi- 
tions of its bounding sides. 

91, k. polygon is a plane figure bounded by five or more 
sides. One of these sidei is named the base$ and a right 
line joining any two angles not adjacent to the same side, is- 
termed a diagonal. 





K B 

The figuve A B C D E is a polygon, of which A B is the 
base ; and AG, AD are diagonals.. 



$ t. OF THE ANGLES AND SIDES OF A POLYGON* 

THEOREM I. 

92. The interior angles of any polygon are together equal 
to twice as many right angles as the figure has sides less 
two$ and the corresponding exterior angles r formed by 
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producing the aides in Hmilar dirtcttoMf ate together equal 
to four right angles. 

For the polygon may be divided by diagonals, drawn from 
the vertex of any of its angles, into a nnmber of triangles 
equal to that of its sides less two ; and its interior angles 
being together equal to the angles of these triangles, are 
therefore equal to twice as many right angles as it has 
sides less two. With respect to the exterior angles, they 
are evidently equal to four right angles ; since joined to the 
interior angles, they form a number of right angles equal to 
twice the number of sides of the polygon. 

Instead of dividing the polygon into triangles by diagcmals, 
right lines may be drawn from an interior point to the seve- 
ral vertices of the angles. These right lines will form a 
number of triangles corresponding to the sides of the polygon; 
and from the consideration of which, the theorem may also 
be demonstrated. 

93. A polygon takes the following denominations relative 
to the number of its sides, as far as twelve inclusive: 

Pentagon^ or polygon of five sides ; hexagon^ six sides ; 
heptagon^ seven sides ; octagon^ eight sides ; nonagon^ nine 
sides ; decagon^ ten sides ; endecagon^ eleven sides ; dodeeor 
gouy twelve sides. 

When the number of sides exceeds twelve, the polygon is 
designated by that number; as, a polygon of thirteen sides; 
a polygon of twenty sides ; ^. 

94. A polygon may have all its angles equal ; or all its 
sides equal ; and it may have both its angles and its sides 
equal. 

An equiangular polygon has all its angles equal. An 
equilateral polygon has all its sides equal. A regular poly-^ 
gon has all its angles and all its sides equals 
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Of the preceding polygons, A B C is a regular pentagon, 

3.2 6 
of which each interior angle is -^=^ of a right angle (92) : 

^ ^ 4.2 4 

A' B' C is a regular hexagon; each interior angle is -—-=— 

of a right angle. 

95. A regular polygon may evidently be divided into equal 

triangles, by right lines diverging from a central point O, 

which is equally distant from the several vertices of the 

angles. The number of such equal isosceles triangles being 

equal to the number of sides, each of the angles at the central 

4 
point O in the pentagon ABC is — of a right angle (92) ; and 

^ 1 

joining A C, B C, each of the angles O C A, O C B is --; so 

that the isosceles triangle A C B has the angles at its base 
respectively equal to twice the angle at the vertex C. In the 

hexagon A' B'C, any of the equal component triangles as 

2 

A' B' is evidently equilateral, each of the angles being ~ 

o 

of a right angle ; and the radiating lines are equal to the sides 
of the figure. 

It may not be uninteresting to observe that the hexagon, 
square, and equilateral triangle are the only plane figures 
which can enclose a surface by their successive repetition. 
Six equilateral triangles form a hexagon; four contiguous 
squares form a square ; and three hexagons enclose a surface 
round a point, taken aa a vertex common to three adjacent 
angles. 
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$ 3. or THE ANGLBS AND 8IDI8 OF TWO POLTOONS. 

THEOREM II. 

96. Two polygons which are composed of the same num- 
ber of triangles, having equal angles and sides similarh/ 
sitiuUed, have their angles and sides respectively/ equal. 

For the angles of the polygons are composed of equal 
angles contained by equal sides, and those figures become 
identical when one is applied to the other. 



§ 3. OF TBI PROPORTION OF TBI SIDES OF POLT0ONS. 

THEOREM lU. 

97. TuH) polygons which are composed of similar tri- 
angles similarly situated are respectively equiangular^ and 
have their homologous sides proportional. 

The demonstration is precisely similar to that of (83), 
which may be easily extended to any number of Bidom by 
comparing in succession the corresponding triangles which 
compose the polygons. 

Corollary. The perimeters of similar polygons are pro- 
portional to any two of their homologous parts. 



$ 4. OF THE EQUALmr OF THE SURFACES OF POLY0ON8. 

98. Two polygons have evidently equal surfaces when 
their component triangles, whether similarly or otherwise 
situated, are respectively equal. 

THEOREM IT. 

99. w^ regular polygon is equal to a triangle of which the 
base is equal to its perimeter, and the altitude equal to that 
of one of its equal component triangles about a central point. 

For the component isosceles triangles of a regular polygon 
have equal altitudes and equal bases ; and these bases con- 
stitute the perimeter of the polygon. 
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$ 5. OF THE PROPORTION OF THE SURFACES OF POLYGONS. 

THEOREM v. 

1 00. 7\vo similar polygons are proportional to the aqttares 
of their homologous sides. 

For their component similar triangles are proportional to 
the squares of the homologous sides, which form the corres- 
ponding houndaries of the polygons. 

Corollary. Two similar polygons are proportional to the 
squares of their perimeters. 

THEOREM VI. 

101. 7%6 area of a regular polygon^ referred to square 
units, is equal to half the product of its perimeter, and the 
altitude of one of its equal component triangles, about a 
eentrtd point. 

For the area of a triangle equal to the polygon (99), is 
halfthat product (89). 



CHAPTER V. 

OF THE CONSTRUCTION AND MENSURATION OF RECTILINEAR FIGURES. 

102. The subject of this chapter embraces two classes 
of problems ; one resolvable by constructions depending on 
right lines ; the other requiring some elementary knowledge 
of dgebraical formula, and their conversion into numbers by 
the ordinary operations of arithmetic. The former class con- 
stitutes a part of what is usually termed practiced geometry, 
contradistinguished from this science, theoretically considered, 
as in the preceding chapters. The latter class involves the 
determination of the areas of rectilinear figures, and may be 
viewed as the first and simplest branch of mensuration. 
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$ 1. OF CONSTRUCnOiro REULTTTI TO BIOHT URIS. 



PROBLEM I. 



103. TTirough a given point A to draw a right line part 
raUel to a given right line B G. 




From A draw any right line A D intersecting B C in 3, 
and let B D be equal to A B. From D draw the right lina 
DE intersecting BG in G, and take GE equal to GD. 
Join A E, which will be parallel to B G. For the sides A D, 
D E of the triangle A D E are divided equally in B, G ; and 
AE, B G are therefore parallel (rem. 48). 

PROBLEM II. 

104. From a given point A to draw a perpendicular to 
a given right line B G. 

G DA 




First, let A be in the line B G, and draw any right line 
B D equal to A B. Join A D, which apply on the given line 
from A to E, and in A D take A F equal to A B. Draw E F, 
which produce until F G be equal to E F ; join A 6, the 
required perpendicular. 

For the triangles A E F, A G F being isosceles, the exte- 
rior angles A F G, A F E, which are together equal to two 
right angles (14), are twice the angles E A F, F A G, consti- 
tuting the angle E A G, which is therefore a right angle, 
making A G perpendicular to B G. 

Secondly, let A be without B G, and from B draw the per- 
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ar B D. Through A draw A G parallel to B D (103), 
which will be perpendicular to B G (22). 



PROBLEM III. 



105. To divide a given right line AB into two or more 
equal parts. • 




Draw A C, forming with A B an angle BAG; and apply 
to it any right line A D, as often as there are equal parts 
required in A B. Join B G, parallel to which and through 
E, the last division of AG, draw E F^hich will intercept 
B F, one of the required parts of A B. 

For the sides A B, A G of the triangle A B G are divided 
proportionally by E F, and B F, G E are therefore like parts 
of AB, AG. 

PROBLEM IV. 

106. To divide a given angle A into two equal parts. 




In the sides of the angle A, take A B, A G respectivel 
equal to A B', A G' ; and join B G, B' G', intersecting each 
Other in O. Join A O, which will bisect the angle A. 

The triangles AB G, AB' G' are identical, and the angle 
A G B is equal to A G' B'. The triangles A O G, A O' G' 
having A O, A G equal to A O, A G', and the angle AGO 
equal to AG' O are identical (40); and therefore the angle 
O A G is equal to O A G\ 

E 
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PEOBLSM T. 

107. At a given paint A to nwke an angU equal i9 « 
given angle B. 





Through A draw the right line A C, which take equal to 
B E, a side of the angle B. Erect the perpendiculars C D, 
E F, the latter meeting the other side of B in F. Take C D 
equal to E F, and draw A D, which will form with A C the 
required angle. 

For the right angled triangles A C D, B E F are evidently 
identical, and therefjA the angle A is equal to B. 

PROBLEM VI. 

108. To find a fourth proportional to three given right 
lines A, B, G. 



A. 
B 




In the sides of any angle D, take D E, D F respectively 
equal to the lines A, B ; and join E F. In D E, produced 
if necessary, take D G equal to the line C, and through G 
draw G H parallel to E F and meeting D F produced, in H ; 
the right line D H is the required proportional. 

For the right lines E F, G H being parallel, D E : D 6 :: 
DF:DH; or, A : C :: B :DH(48). 

Corollary. When B«C, DG^sDF; and in this case, 

D H is a third proportional to the lines A and B. 

o 



B 
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PROBLEM VII. 

109. To construct an equilateral triangle on a given 
right linii A B. 




A c B E 

Bisect A B in C, at which erect the perpendicular CD. 
Take GO equal to AC; join AO, and in GB produced 
take G E equal to A O. Draw O E to which make G D 
equal, and join A D, B D ; the triangle A D B is that required. 

For A 0»=2 A C» and E 0«=3 A C» (54) ; wherefore A D« 
=4 A C», and A D=2 A C or A B. The sides A B, A D, 
B D being therefore equal, the triangle A B D is isosceles. 

PROBLEM VIII. 

110. To construct a triangle of which two sides AB, BG 
and the included angle B are given. 




A o 

The construction of this is immediately effected by problem 

II. or v., according as the given angle B is a right or an oblique 
angle. 

Remark. Should the angles A, B and the adjacent side 
A B be given, the corresponding triangle may also be con- 
structed by problem V. 

PROBLEM IX. 

111. To construct a paralldogram of which two sides 
A B, B G and the included angle B are given 

D CD o D 



B 
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Make ABC equal to the given angle, and draw A D pt* 
rallel and equal to BG. Join CD, and ABGD ^ill 
evidendy be the required parallelogram. 

Remark. When B is a right angle, the corresponding 
rectangle may be constructed by the perpendicular B C and 
parallel A D ; and in like manner may a square be constructed 
on a given line A B. 

PROBLEM X. 

1 12. To construct a square equal to two given squares. 

A right angled triangle, of which the base and perpendicu- 
lar are the given sides of the squares, may be constructed by 
prob. VIII. The hypotenuse of this triangle will be the side 
of the required square (87), which may be constructed in the 
manner noticed in the preceding remark. 

PROBLEM XI. 

113. To construct a regular hexagon on a given right 
line A B. 




Construct the equilateral triangle A O B on the given line 
AB. This triangle applied successively round O will 
evidently form the required hexagon A B C D E F. 

PROBLEM XII. 

114. To construct a regular octagon on a given right 
line A B. 

F E 




A o B 

fl 

Bisect A B in C ; erect the perpendicular G D equal to 
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A G ; join A D which apply in C D produced, from D to O. 
Draw A O, BO, forming with A B the isosceles triangle 
A O B, which applied successively round O will form the 
required octagon. 

The angle A D C is evidently half a right angle ; and the 
triangle ADO being isosceles, this angle is equal to twice 
the interior opposite angle AOD (cor. 31); and therefore 
equal to A O B, eight of which constitute four right angles 
about the central point O. The figure A C D E H is there- 
fore a regular octagon. 

The preceding are the most useful regular polygons. The 
construction of the pentagon and decagon will be given in 
the second book. 

PROBLEM zih. 

115. To transform a given quadrUaterdl ABGD into a 
triangle having an egaal surface. 




Draw the diagonal A D, parallel to which through C draw 
the right line G E, meeting B A produced in E* Join D E ; 
and B DE is the required triangle. 

For the triangles A G D, A E D being on the same base 
A D and between the same parallels A D, E G, are equal 
(cor. 63) ; wherefore the triangle B D E is equal to the quad- 
rilateral ABGD. 

Remark. In a similar manner, by drawing diagonals and 
parallels, any rectilinear figure may be converted into an 
equal triangle. 
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PROBLEM ZIV. 

116. To make a rectilinear Jigure nmUar to a given 
rectilinear figure ABODE. 




Draw diagonals from any angular point, as A ; and pa- 
rallel to the sides B C, C D, D E draw bc^cd^ de^ forming 
a figure which is evidently similar to the given figure 
ABODE. 

Remark. By the preceding construction, ABODE may 
be said to be proportionally contracted ; it may be enlarged 
by producing the sides A B, A E and the diagonals A O, AD. 



$ 2. or THE BfENSURATION Or RBCTILUrEAR riGURES. 



PROBLEM I. 



117. To determine the altitude of a right angled triang^t^ 
of which the base and hypotenuse are given. 




A b 



The altitude a=^\{e+b) (c— 6)} [Ij. 

For BO»=AB»— A0« (cor. 54), or a»=c»-6»=:(c+6) 
(c— 6); wherefore a=^{(c+6) (c— 6)} (th. 3). 

Example. Let b^20 feet, c=36; then aa^(56.16)ai 
8v^l4=20,0332. 

Remark. By interchanging a and 6, the base may be foand 
in a similar manner, from the altitude and hypotenuse. 
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PROBLEM II. 

118. To find the area of a triangle^ of which the base 
and altitude are given. 

B 




D c 



• 

The area^^ ab, [2], 

in which a denotes the altitude B D, and b the base A G. 
Example. Let a=4 feet 6 inches, and 6=10 ft. 3 in. 

7%e area«^.4, 6x10, 3823 ft. in. parts, by cross 
multiplication. 

PROBLEM in. 

19. To determine the altitude of an equilateral triangle 
of which the side is gwen. 




The altitude a=J^3.6, [3], 

in whieh b denotes the base. 

For AD=— , and therefore a=^{---.— } =1^^3*6. 
2 2 2 

Example. Let 6^=12 feet; then ^3=1, 73205 and a» 
10, 3923 feet. 

PROBLEM lY. 

120. To find the area of an equilateral triangle. 

The arca=iv^3.6», [4], 

in which b denotes the base. 

For the area3=^a6, and BDaB^^3.6; therefore the area 
«i^/3.6». 

Example. Let &xb12 feet. Then the areass 62.3538 square 
feetaB62 feet 4 in. ^ nearly. 
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PROBLEM ▼. 

121. To determine the dltitttde of a triangle of which the 
three aides are given, 

B 
ft. 




2 

The altitude m=j-s/{p (j»— «) (Z^— *) CP— ^){» • • • OT» 

in which p denotes the semiperimeter ^ {a+b+c) ; and a, 
6, c the sides opposite to the angular points A, B, C. 

For if the segment ADsn, m=\^ {{c+n).{e'^n)] ; and 

since a*=6*+c*— 2 b n (55), there results n= ^-r — , and 

(6+c)«-a« (g+6+c) (6+cSlg) , ^ _a«-(6-c)« 

(a+c— 6)(a+6— c) „ , . , . « . . «/ v 

=i^-i- ^-^- i. Butfl+6+c«2p,6+c— a=B2{;i— a), 

'2 2 

&c. Wherefore c+n=^.;j(/>— a); c— n=^.(j»— 6) (p— c); 

and by substitution there will result formula 5. 



PROBLEM vi. 

122. To find the area of a triangle of which the sides aire 
given. 

The area^^lp{p^a) (j9-6) (p-c)], [6], 

in which p denotes the semiperimeter and a, 6, c the sides. 

2 

For if m be the altitude, the area=s|&m; and ma?-. 



^{P {P — ^) (Z'""^) (iP""C)}» ^y *^® l^t problem; wherefore 
this area is expressed by formula 6. 

Example. Let asG, 6=12, and cs=8 yards; thenpslS, 

» — a«s7, />— 6«al, j» — c=5; and the required areass 

v^(13.7.1.5)s:v^455a21,31 square yards. 
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PROBLEM YII. 

123. To find the area of a paraUelogram^ of which the 
base and altitude are given. 

C D 




A B 

TTie areata b [7], • 

in which a is the altitude and b the base. 

For the area is equal to that of a rectangle of the same 
altitude a and base b; and is therefore expressed by for- 
mula [7]. 

Example. Let a=8 feet 3 inches, and 6=12 ft. 5 in. 

fL in. ft, in. 

The areaasS, 3x12, 5=102 feet, 5 inches, 3 parts, square 
measure. 

Remark, When the base and altitude are equal, the figure 
becomes a square A B G D, of which the area=6'. 

PROBLEM vni. 

124. To find the area of a trapezoid^ of which the altitude 
and two parallel sides are given. 



( 


) b' D 


/ 


\ 


A 


b I 



The area^^ a ip+b') [8], 

in which a is the altitude and 6, b' the opposite parallel 
sides. 

For the area is half that of a parallelogram of the same 
altitude a, and of which the base is equal to the sum of the 
parallel sides 6, b* ; and is therefore expressed by formula [8]. 

ft. m. ft. <n. 

Example. Let a=6 feet 2 inches, and 6=12, 3 ; 6's=8, 4. 

ft. in. ft. in. ft. in. p. 

The area =3, 1 x20, 7=63, 5, 7. 
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PROBLEM IX. 

125. To find the area of a quadrilateral^ of which a 
diagonal and perpendiculars to it from the appotite angUs 
art given* 

D 




The area^i d {m+m') [9], 

in which d is the given diagonal, and m, m' the correspond- 
ing perpendiculars from the opposite angles. 

For the areas of the component triangles AGD, ABD 
are ^ (f m and ^ dm' ^ and therefore the area of the quad- 
rilateral is expressed by formula [9]. 

Example. Let d=slO yards, m=:3, and m'^6. Then the 
area =s^. 10.9 =45 square yards. 

PROBLEM X. 

126. To find the area of a regular polygon, of which a 
side and the corresponding perpendicular from the central 
voint are given, 

E D 




A G B 

Tlie area=smp [1^]» 

in which p is the semiperimeter and m the perpendicular O G 

Example. Let A Bss20 feet be the side of a regular hexa- 
gon, in which case ;)=60, m»v^(AO>— 6*)=:v^300b-: 
17,3205, and the area«1039,238 square yards. 

Remark. Had the polygon been an octagon, we should 
have had Jd=80, m»10+v^200s=24,1421; and the area:* 
1931,368. 
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PROBLEM Xt. 

127. To find the area of an irregular polygon^ deter' 
mined by diagonals and perpendiculars. 




A A 

The area^i\d{m+m')+d'm''\ [11]. 

The figure ABODE being composed of a quadrilateral 
and triangle, its area is expressed by formula [1 1]. 

Example. Let (f=10, m=^% 9n'=6) and (/''s=0, m''£s4. 
The area=i(lO.9+0.4)=s63. 

PROBLEM Xll. 

128. To find the area of any rectilinear figure, having 
given the several perpendiculars dravm from its angular 
points to a right line fixed in position, and cUso the parts 
of this line intercepted by those perpendiculars. 




JL' A 

Thearea:^i{{mn+m'n'+m"n")-^{m"W"+m'''n")]. . [12], 
in which m, m', ^. denote A' B% B' C, &c« intercepted 
on A' D', by the perpendiculars A A', B B', &c., and n^n', ^., 
represent the sums of every two successive perpendiculars \ 
as A A'+BB', BB'+C C, &c. 

The figure ABODE is the difierence of A'A B D D' 
and D'D E A A' ; the first of which is composed of the three 
trapezoids AA'BB', BB'OO', OO'DD'; the second of 
the two trapezoids DD'EE', EE'AA'. The area of 
AA'BB'=:iA'B'.(AA'+BB'); the area of BB'0 0'= 



GO 
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JB'C'.(BB'+CC'); &c. Whereforethe area of ABODE 
is equal to the expression [12]. 

Remark. The intercepted parts m'", m*' of A' D', co^ 
responding to the subtracittff trapezoids, are in direetions 
opposite to m, m/ m''|,jMWponding to the remaining trape- 
zoids, so that (m4«»'+w>")— (">'"+^"')'*^» *»d this 
observation sriB suffice to change the form of [12] and render 
it ^i^iipMt to any rectilinear figure whatever. 
' ft should also be observed, that if a right line a' d' be drawn 
parallel to A' D' ; and the figure ABODE be referred by 
perpendiculars to this line instead of A' D', the dififereiice 
between the expression for its area and [12] will be 
i{(mN+m'N+m"N)— (m'"N+m''N)}, in which N— 
a' A'; and which is nothing by virtue of (m+m'+m")— 
(w'"+m")=0, above given. The different factors n, n\ dice. 
in [12] may therefore be increased or diminished by any 
number N taken at pleasure, without affecting the resulting 
difference corresponding to A B D E. 

Example. 



LetAA'=14' 


A'B'= 4 


n =38 


m n =152 




BB'=24 


B'0'= 7 


n' =60 


m' n' =350 




0'=26 


C'D'= 8 


n" =44 


w" n" =352 


^^ ^v ^ 


DD'=18 


D'E'= 4 


n'"=25 


w'"n'"=100 


854 


EE'= 7 


E'F'=15 


n'' =21 


m'^n'' =315 


416 



439 

The area of A B D E=219^ square yards. 

If n, n', &c. be increased by 8 ; the area of AB O D Ek= 
J{ (184+406+416)— (132+435) }=219J; if n, n', &c. be 
diminished by 21, the area=|{68+203+ 184—16} =2 lOj^; 
and if n, n', &c. be algebraically diminished by 44, so that 
the first, fourth, and fifth remainders may be negative, the 
area=J{ -24+42+76+345} =219|, as before. 



BOOK IL 

OF THE CIRCLE. 

1. WHEMba right line revolves in a plane about one of its 
extremities considered as fixed, the other extremity, during 
its entire revolution, describes a curve line enclosing a plane 
snrface, and forms a curvilinear figure, which is characterized 
by its perfect regularity and the uniformity of its boundary. 

2. A circle is a plsme figure contained by a curve line, 
such that all right lines drawn to it from an interior point, are 
respectively equaL 




The figure A B Q k a4llfle ; tl(^bounding curve A B C A 
is called the circumfiBrpUie ^ the interior point O is named the 
centre, and any of tite^ equal tight lines O A, O B, O C if 
termed a rcLdius. 

3. The position of a circle is evidently determined by the 
position of its centre; and its magnitude depends on its 
radius, which may be equal to any given right line, or may 
extend to any required distance from the centre. 



CHAPTER I. 

^OF BIGHT LINES DRAWN IN AND ABOUT A CIRCLE. 

4. The circumference of a circle being concave towards 
any interior point, a right line will evidently meet or cut it 
in two points, and will divide it and the circle into parts 
which may be respectively equal or unequal. 

5. A diameter is a right line which passes through the 
centre and terminates in the circumference, as AB: a 

F 
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diameter is twice a radius ; it divides the circle into parts 
which become identical when applied to each other, and 
which are therefore aemicirehs having semicircumftrmeu ^ 
for their curve boundaries ; as A B C A, or A B D A. ^ 

E ^ C 




6. A chord is a right line which terminates in the circum- 
ference, but does not pass tnrough the centre of a circle ; as 
AG. Each of the unequal parts formed in the circle 
by a chord, is called a segment; the curve boundary 
of which is named an arc; asAGEAorCBDAC. A 
chord is evidently less than two radii at its extremities. It 
is therefore less j|^an a diameter, and may be diminished at 
pleasure by increasing J ts [^rpen^icular distance from the 
centre of the circle. A chord is said to solMteiid the arc which 
it terminates ; and this arc, and^^ ipraii at its extremities, 
enclose a part' of the cir^, and cojutitute a trilateral figure 
which is called a sector; ail^^jQCVB. 

7. It is evident from the ummrmity of the circle, that 
equal arcer terminate equal chords, and constitute the curve 
boundaries of equal segments and sectors. 



C 1. OF THE POSITION OF RIGHT LUCES WHICH BfEET A CUtCLE. 



THEOREM I. 



8. The perpendicular drawn to the diameter of a circle 
from either of its extremities, falls without the circle; and 
any right line diverging from that perpendicular , at the 
extremity of the diameter, cuts the circle. 
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Let ABC be a circle, A C a diameter, A D a perpen- 
dicular to .AG, and AE a right line diverging from AD 
at the point A; AD falls without the circle ABC, and 
A E cuts it. 

In A D, take any point F ; join O F, and let this right line 
meet the- circle in B. Be^se O A F is a right angled tri- 
angle, the hypotenuse OFfs greater than OA, which is 
equal to the radius O B ; wherefore the point F is without 
the circle ABC. But F is any point in AD; wherefore 
A D falls without the circle ABC. 

Again, let O G be perpendicular to A E. In the right 
angled triangle O G A, the side O G is less than the hypote- 
nuse or radius O A ; the point G is therefore within the cir- 
cumference, and A E cuts the circle ABC. 

0. A tangent to a circle is a right line4¥hich meets, but 
does not cut the circle. The point in which the tangem 
meetB the circle, is called the point of contend. 

Corollary, A perpendicular to the diameter of a circle at 
its extremity, is a tangent to the circle at this point. 

THEOREM II. 

10. 7%c perpendicular drawn from the centre of a circle 

to a chords bisects this chord. 

c 




Let A B C be a circle, A B a chord, and O D a perpen- 
dicular to this line ; A D is equal to B D. 

Draw the radii O A, O B. Because the triangle A O B is 
isosceles, the angle A is equal to B ; and O D being perpen- 
dicular to A B, the right angled triangles A O D, B O D arc 
equal in all respects ; and therefore A D is equal to B D. 

Remark. The converse of thi^theorem is also true, and 
may be thus expressed : A- right line which bisects a chord 
perpendicularly passes through the centre of the circle. 



(. 



/ 
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THBORBM III. 

11. The angle at ike centre of a circle it twice the angk 
at the circtat^ermce, when thote anglet are tvbtended bg 
the same arc or chord. 





Let AOC, A.BC be angtea at the centre and cii^ni' 
ference of the circle A B C A ; the angle A O C is twice i; B C. 

The centre O may be in one or the chords A B, B C, or 
within or without these chorda. In the &rat case, the angle 
A C ia equal to the equal angles A, B of the iaoacelea tri- 
angle A O B (cor. 31) ; and is therefore twice the angle B or 
ABC. In the second and third cases, let B O D be a dia- 
meter. The angles AOD, t)OC are, by the first esse, 
twice the angles A B D, D B C ; wherefore the whole or the 
remaining angle A O C is equal to the whole or the remain- 
ing angle ABC. 

Corollary. All the angles which are in Ihe same segment, 
or in equal segments of a circle, are equal ; for each of ibera 
is equal to one and the same angle hI the centre. 




Remark. By virtue of this eorollary, the arc of any seg- 
ment of a circle, capable of containing a given angle, may be 
described mechamcaily, when the extremities of its chord 
are ^v en. For Ihe sides of the invariable angle A>C B beug 
moved through the fixed points A, B, will take different po- 
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skioiis as AC, C B; A.C'\C"B; &c„ corresponding to 
which the vertices 0% C", &,c^ will be in the arc A C'B. 



THEOREM IV, 

12. T%e angle m a semicircle U a right angle. 

B 




Let A B C A be a semicircle, .in which the angle A B C is 
formed by chords at the extremities of the diameter ; A B C 
is a right angle. 

Through B draw the diameter BOD. The angles A O D, 
D O G are respectively equal to twice the angles A B D, 
DBG (11). But the angles AOD, DOG are together 
equal to two righMuDgles (14, 1) ; wherefore the angles A B D, 
D B G are together-equal to one right angle ; and A B G is 
therefore a right angle. 

Remark, By means of this theorem, a perpendicular may 
be drawn to a right line from a given point. 

^j;|| THEOR 

13. The angle ^rmed by a chord and tangent at any 
point of the circumference of a circle^ is equal to the angle 
in the alternate segment, corresponding to that chord. 






Let A B G be'igipbe of whicn AB is a chord, and AD a 
tangent at A ; the angle B A D is equal to A G B. 

Draw the diameter A £« and join G £. Because A D is a 
tangent and AE a diameter, the angle DAE is a right 

f2 
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angle (cor. 9), and also the angle AGE (12). But the angle 
B A E is equal to B G E, subtended by the same arc B E (11) ; 
wherefore the remaining or the whole angle B A D is equal 
to A G B ; and since A G B is equal to any angle in the seg- 
ment A B O A, the angle B A D is equal to- the angle in this 
segment. 

Remark. By virtue of this and the preceding theorem, 
a segment of a circle capable of containing a given angle, 
may be described on a given chord. For the position of the 
tangent relative to the chord becomes known from the given 
angle ; and thence the position and length of the diameter 
may be determined. 

14. A secant is a right line drawn from an exterior point 
to cut a circle and terminate in its circumference. 

THCOREM VI. 

15. The angle formed hy two chords or two secants 
which intersect each other within or without a citcle^ is eqtud 
to the sum or difference of the angles at the eircun^erence, 
and which are subtended by the intercepted arcs, 

D 





Let A B, G D be two chords or two secants, intersecting 
in E within or without the circle A B D ; the angle B E D is 
equal to the sum or difference of the angles BAD, A D G, 
subtended by the arcs B D, A G. 

Join A D. In case of the chords, the angle B E D is equal 
to the interior and opposite angles A, D of the triangle A D E ; 
and which are subtended by the arcs B D, AG. 

Incase of the secants, the angle BAD is equal to the 
angles D, E of the triangle A D E ; wherefore the angle 
B E D is the difference of the angles BAD and D, which 
are subtended by the arcs B D, A G. 



ELEMENTS OF OE0METRT. 07 

§ 3. or TVl PROFOnnON of bight lines BfESTIMO A CIRCLE. 

THEOREM VII. 

16. ^ ttoo chords or two secants intersect each other 
within or tvithottt a circle^ the product of their segments 
between their point of intersection and the circumference^ 
are respectively equal. 

B ^D 





Let A B, G D be two chords or two secants, intersecting 
each other in E within or without the circle A B D ; the pro- 
duct E A.E B==:E G.E D. 

Join A D, B G. The triangles A E D, B E G having the 
angles B, D equal (cor. 11), and also the angles A E D, B E G, 
are equiangular; and EA:EC::ED:EB, whence 
E A.E B=E G.E D. 

Remark. The diameter may evidently take place of either 
chord as A B, in which case, if' it be perpendicular to the 
intersected chord C D, the product of its segments is equal 
to the square of half this chord, as A E.E BssG E*. 

THEOREM VIII. 

17. Jfa secant and tangent to a einde meet each other, 
the product of the secant and its exterior segment is equal 
to the square of the tangent. 




Let A B G and AD be a secant and tangent to the chrole 
BCD; AC.AB=AD«. 
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Join B D, C D. The triangles A B D, A D G having the 
angle A common* and the angles ADB, AC D equal (18), 
are equiangular; and AB:AD :: AD:AC; whence 
AC.AB=AD». 

Remark. By meana of this theorem, AD may be divided 
in extreme and mean ratio at E, so that A E'* A D.D £. 
For if A E, AD be respectively equal to A B, A C, the 
expression ACAB^AD' becomes AE.(AE+AD)ai 
AD.(AE+D E), from which there results AE>=.AD.D£. 
It is evident that both AD and B C may be taken equal to the 
diameter of the circle. 

THEOREM IX. 

18. ^ a tangent to a circle meet a secant passing through 
the centre^ and a perpendicular be drawn to the secant from 
the point of contact ^ the tangent and perpendicular are pro- 
portional to two right lines draumfrom their extremities in 
the secant 9 to any point in the circumference. 




B 

Let A B, A C be a tangent and secant to the circle of which 
the centre is O, and let BD be a perpendicular to AC, imd 
AE, DE two right lines meeting in the circumference; 
AB : DB :: AE :DE. 

Draw the radius O E. The right angled similar triangles 
ABO, BDO give AB : BD :: AO : BO :: BO : DO; 
from which A O : E O :: E O : D O, since E 0=:B O. The 
triangles A O E, E O D are therefore similar (51,1); and give 
AE : DE :: E O : D O. But it has been proved that AB : 
BD::BOorEO : DO; wherefore AB : BD :: AE : DE. 

Corollary. Hence AB:BD::AC:DC::AE:DE, 
so that right lines joining B O, E C will bisect the angles 
A B D, A E D (67, 1). From the proportion A O : B O :: 
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B O : D O, fiiBt proved, there results A O.D 0»B 0*aG C, 
which wiU determine the point A when D is given, and the 
contrary. 

THEOREM X. 

19. If two tangents and a secant diverge from a point 
without a circle^ and a chord join the points of contact ^ the 
product of the secant and its middle part is eqiud to the pro- 
duct of its extreme parts, terminating in the exterior point 
and in the circumference. 




Let A B, A C, and A D E be two tangents and a secant to 
the circle BCD; and B C a chord joining the points of con- 
tact, and intersecting A £ in F ; the product A E«D Fas 
A D.E F. 

The tangents A B, A C are evidently equal, and the tri- 
angle ABC is isosceles; wherefore AB»=AF»+BF.CF 
(cor. 68,1). But AB»=AD.AE (17), and BF.CF= 
DF.EF(16); wherefore AD.AE=AF«+DF.EF. Now 
AD.AE=AD.AF+AD.EF;andAF«=AP.(AD+DF)== 
AF.AD-t-AF.DF; wherefore A KD F= A D.E F. 

Corollary. The secant A E is divided harmonically in the 
points D, F. 



$ ^. OF TWO TANGENTIAL OIRCLES. 

20. When two circles have a common tangent, and the 
same point of contact, their circumferences meet at this point, 
without cutting each other ; and the distance between their 
centres is evidently either the sam or the difference of their 
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radii, according as these centres are on different sides, or 
the same side of the point of contact 




The circles AB C, A' B' C are in contact at the point C. 
The distance 0'==0'CitOC, according as the centres 
O, O' are on different sides, or on the same side of G ; in 
which situations, the circles obviously touch each other either 
exteriorly or interiorly. 

It appears hardly necessary to observe that when O O' is 
greater than the sum O' G+0 C ; or lesa than the difference 
O' C — O C, the circumferences of the circles will be sepa- 
rated, and not in contact ; and that when O O' is less than 
O' C+0 C or greater than O' C— O C, the circles will inter- 
sect and have a common part bounded by arcs of their ci^ 
cumferences. 



$ 4. OF THE POSmON OF CHORDS IN TANOENTIAL CIRCLES. 



THEOREM XI. 



21. TjT ttvo chorda diverge from the point at which two 
drclea are in contact ^ they intercept arcs of which the corres- 
ponding chords are respectively parallel. 




Let A B C, A' B' C be two circles in contact at C ; and let 
C AA', CBB' be chords intercepting the arcs AB, A'B'; 
the chords AB, A'B' joining these arcs are parallel. 
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At the point of contact C, let D C D' be a tangent common 
to both circles ABC, A'B'C. The angle AGD formed 
by the chord A C and tangent G D, is equal to the angle 
ABC in the alternate segment (13); and the same angle 
A C D, or the angle A' C D is equal to A' B' C. Wherefore 
the angle A B C is equal to A' B' C ; and these being exte- 
rior and interior tngles relatively to C B', the chords A B, A' B' 
are parallel (cor. 23, 1). 



$ 5. OF THE PROPORTION OF RIGHT LINES IN TANGENTIAL CIRCLB8. 

THEOREM XII. 

22. Two chorda diverging from the point tn which two 

circles touch each other^ are cut proportionally by the cir- 

cun^erences. 

D ^ ., 




D 

For chords joining the intercepted arcs are parallel (21) ; 
and these and the diverging chords form similar triangles, the 
sides of which or the diverging chords are respectively pro- 
portional. 

THEOREM XIII. 

23. ^ two circles touch three right lines forming a tri- 
angle, the radii of the greater and less circle are proportional 
to the semiperimeter of the triangle, and its excess above 
that side which separates the circles; and the product of 
these radii is equal to the product of the excesses of the semi- 
perimeter above the two other sides of the triangle. 

Let ODD', odd' be two circles in contact with the three 
right lines A B, B C, C A, forming the triangle ABC; and let 
OD, oJ be radii perpendicular to AD the common tangent; 
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ODiod::p:p^BC, and OD.orf«(p— AC) (p— AB),in 
which/) represents the semiperimeter i^ (A B+B C+G A). 




d 

From the centres O, o to the several points of contact, let 
radii be drawn, and join O G, o C. The tangents at each of 
the vertices A, B, G being respectively equal, it follows that 
ADarjD, Arfsrp— BG, GD=j3— AG, Cd^p^AB; and 
the triangles AC D, A o (f being evidently similar OD : od i: 
AD: Ai, or OD : od::p:p^BC. The angles BGD, 
BCd zre together equal to two right angles ; and they are 
bisected by O G, o G ; wherefore the angles O G D, o G J are 
equal to a right angle ; and the two right angled triangles 
O G D, oCd being similar give OD : C d :: CD : o df or 
OD : (j9 — AB) :: (p — AG) : od, from which there results 
O D.0 rf=(j5— A G) (j3- A B). 

Corollary. The first proportion gives 0D.(j5— BG)= 
od.p; which combined with the preceding equation, there 
will result the two formulae : 

O D».{p^B G)=j5 (jo— AG) {p -A B), 
(f».j3=(j3-B G) (/)— AG) (;)— AB), 
by virtue of which the radii OD^od may be determined 
when the sides of the triangle A B G are given. 

Remark. The area of the triangle A B G in terms of its 
sides may be found from the second of these formulae. This 
area is equal to the areas of the three component triangles 
AoB,BoG, GoA; and therefore equal to o dp, which is 
%/ \p{P — B C) (/)— A G) (;)— A B) } , according to Ae formula 
just mentioned. See 122, 1. 
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CHAPTER II. 

OF RECTILINEAR FIGURES DESCRIBED IN AND ABOUT CIRCLES. 

24. When three or more successive chords are drawn in 
a circle, they form a rectilinear figure, which has its angular 
points in the circumference ; and when three or more successive 
tangents are drawn to a circle, they form a rectilinear figure, 
each side of which meets without cutting the circumference. 

25. A rectilinear figure inscribed in a circle is that of 
which the angular points are in the circumferenqe. A recti- 
linear figure deserved about a circle is that of which each 
side is a tangent to the circumference. 





E K 

The quadrilateral A B C D is inscribed in the circle of 
which O is the centre. Its sides are bisected by perpen- 
diculars drawn to them from this point (10); and any two 
bisecting perpendiculars drawn to adjacent sides, evidently 
determine the centre of the circumscribing circle. 

Corollary. Any triangle may be circumscribed by a circle. 

The pentagon E F G H K is described about the circle of 
which the centre is O. Its angles are bisected by right lines 
drawn from this point ; and any two bisecting lines drawn 
from consecutive vertices, evidently determine the centre of 
the inscribed circle. 

Corollary. Any triangle may have an inscribed circle. 



$ 1. OF THE ANGLES AND SIDES OF INSCRIBED FIGURES. 

THEOREM I. 

26. Tlie opposite angles of a quadrilateral inscribed in a 
ctrchj are together equal to two right angles. 

G 
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Let A B C D be a quadrilateral inscribed in the circle A G D ; 
the opposite angles A B G, A D C are together equal to two 
right angles. 




Draw the diagonals A C, B D. In the triangle A B C, the 
angles B A C, A C B are respectively equal to B D C, A D B, 
which are together equal to the angle ADC; wherefore the 
three angles ABC, BAG, AGB are equal to the angles 
AB G, A DG. But these three angles are together equal to 
two right angles (31, 1) ; wherefore the angles ABC, ADO 
are together equal to two right angles. 

Corollary, The exterior angle formed by producing an^r 
side of an inscribed quadrilateral, is equal to the interior 
opposite angle. For these angles are supplements of th^ 
same interior angle, and are therefore equal to each other. 

Remark. When either of the opposite angles, as ABC, is 
increased or diminished by diminishing or increasing either 
or both of its sides, the vertex B will fall within or without 
the circumference, which passes through the remaining' 
vertices ; and the quadrilateral thus having its opposite angles 
either greater or less than two right angles, cannot be inscribed 
in a circle. 

THEOREM II. 

27. An equilateral polygon inscribed in a circle, is a 
regular polygon. 




For the equal sides of the polygon become the bases of 
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equal isosceles triangles, formed by radii at their extremi- 
ties ; and the several angles at these bases being equal, the 
angles of the polygon are therefore equal, and the polygon 
is regular. 



THEOREM ni« 



28. A regular polygon being inscribed in a circle, a simi- 
lar polygon may be described about the circle ; and these 
polygons may have their sides respectively paralleL 





First, let radii be drawn to the angular points of the in- 
scribed polygon, and let tangents to the circumference pass 
'tlirough their extremities. These radii and tangents being 
perpendicular to each other (cor. 9), form quadrilaterals 
"which are equiangular, and evidently equal in all respects ; 
^nd which therefore constitute a regular polygon about the 
circle. But this and the inscribed polygon have the same 
number of sides ; they are therefore similar polygons. 

Secondly, let radii bisect the sides of the inscribed poly 
gon, and let tangents to the circle pass through their extremi- 
ties. These radii being perpendicular to the corresponding 
sides and tangents, form in connexion with these lines the 
same number of interior and exterior equiangular quadri- 
laterals. But the interior quadrilaterals composing the in- 
scribed polygon, are evidently equal in all respects. Where- 
fore the exterior quadrilaterals are also equal, and compose a 
regular polygon, the sides of which and those of the similar 
inscribed polygon are respectively parallel. 

Remark, The converse of this theorem is also true, as to 
the possibility of inscribing a regular polygon similar to. one 
described about a circle. 
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f 3. or TBI PBOPOBTION OF THE SIDES OF INSCRIBED FIGUBB8. 

THEOREM IT. 

29. The product of any two sides of a triangle inscribed 
in a eirdet is equal to the product of the perpendicular to the 
third sidct and the diameter of the circle. 

B 




Let A B C be a triangle in which B D is the perpendicular 
to the base AC, and let BE be the diameter of the circle; 
AB.BC=BD.BE. 

Join G E. The right*angled triangles A B D, E B C (12), 
having the angles B A C, B E C equal (cor. 11), are similar, 
and AB :BE:: BD :BC; whence A B.BG:=BD.BE. 

THEOREM V. 

30. 77ie product of the diagonals of a quadrilaterd 
inscribed in a circle, is equal to both the products of its 
opposite sides. 

c 




Let A B C D be a quadrilateral inscribed in the circle 
A G D, and of which A G, B D are the diagonals ; A G.B Da 
AB.GD+BG.AD. 

At the p«int G, let the angle D G E be equal to A C B ; 
and therefore the greater angle A G D equal to B G E. The 
triangles AGB, DGE having the angles AGB, DGE 
equal, and also the angles G A B, G D E (cor. 11), are simi- 
lar, and A G : G D :: A B : D E ; whence A G.D Et=A B.C D. 
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The triangles A G D, B C £ having the angles A G D, B G E 
equal, and also the angles CAD, C B £ (cor. 11), are simi- 
lar, and AC : B C :: AD : B£; whence A C.B£sBG.AD, 
Add this to A CD EaA B.C D already obtained, and there 
results A C.B D=A B.C D+B C.A D. 

Corollary. If AD be equal to C D, the triangle A C D will 
be iaoacelea, and there will result A C.B DaC D.(AB+B C); 
and if A C be also equal to C D, the triangle A C D will be 
equilcUeral, and the preceding result will become simply 
BD=AB+BC. 

THEOREM VI. 

31 . TTie diagonals of a quadrilateral inscribed in a circlet 
are proportional to the sums of the products of the sides 
which diverge from their extremities. 




Let A B C D be a quadrilateral inscribed in the circle A C D, 
and of which AC, B D are the diagonals ; A C : B D :: 
BA.AD+BC.CD: AB.BC+AD.DC. 

The triangles B F A, C F D are evidently similar, and also 
the triangles AFD, CFB; wherefore BF : CF :: BA : 
CD; AF:BF:: AD: BC; and CF : DF :: BC : AD. 
The products of the first of these proportions and each of the 
others give A F : CF::BA.AD: BC.CD, andBF: DF:: 
AB.B C : AD.D C, which are remarkable relations, and from 
which there results by composition of ratios, A C : C F :: 
BA.AD+BC.CD : BC.CD and BD : DF :: AB.BC + 
AD.DC : AD.DC. But the second and fourth terms of 
these constitute the proportion CF:DF::BC:AD already 
obtained; wherefore the remaining terms are proportional, 
and AC : BD :: BA.AD+BC.CD : AB.BC+AD.DC. 

o2 
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Corollary. If this and the preceding theorem be briefly 
written A C : B D :: L : M, and A C.B D»N, there will 
result the two formnlK 

A C'.M»L.N and B I>*.L— M.N, 

from which the diagonals may be determined, when the sides 
of the quadrilateral are given. 

THEOREM Vn. 

32. The square of the side of a regular pentagon inscribed 
in a circle^ is equal to the product of the chord subtending 
any of the angles^ and the excess of that chord above the side 
of the pentagon. 




Let A B C D E be a regular pentagon inscribed in the circle 
ACE, and let B D be a chord subtending the angle BCD; 
AB>=BD.(BD— AB). 

Join A C, A D, and let A C meet B D in F. The triangles 
A B D, B F A having the angle A B D common, and the angles 
ADB, BAC equal (cor. 11), are equiangular; and AB: 
B D :: B F : A B ; whence A B»=B D.B F. But A B F being 
similar to ABD, is an isosceles triangle, and also AFD; 
wherefore DF=AB, BF==BD— AB, and AB*==rBD. 
(BD-AB). 

Corollary. The chord BD is divided in extreme and 
mean ratio at F (cor. 57, 1) ; and the side A B of the penta- 
gon is equal to the greater segment D F. 

Remark. If radii be drawn parallel to A D, B D, the chord 
joining their extremities will evidently be the side of a regu- 
lar decagon ; and will be the greater segment of the radius 
divided in extreme and mean ratio by a right line parallel 
toAF. 
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THEOREM Till. 

33. If a regular polygon be inscribed in a cirde^ and 
chords be drawn from the extremities of two adjacent sides 
to meet in the circumference, the square of the side of the 
folygan^ together with the product of the two extreme chords^ 
is equal to the square of the intermediate chord* 
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Let AB, B C be two sides of a regular polygon inscribed 
in the circle AGE; and let A D, 6 D, G D be chords meet- 
ing in the circumference ; A B*+A D.D G=B D". 

In the quadrilateral A B G D, of which B D is a diagonal ; 
BD*.L=M.N (cor. 31) ; and since AB=B G, there results 
in the present case L=N and M=AB*+AD.D C ; where- 
fore A B>+ A D.D C =:B D». 

Corollary, When AD is a diameter, ABD is a right 
angled triangle, and AD*=AB*+BD*, which combined 
with A B*-|- A D.D G=sB D* ; there results the expressions 
2 A B»=A D. (A D-D G), and 2 B D«=A D.(A D+D G). 

Remark. These formula are important as respects in- 
scribed regular polygons. By means of them and the known 
side of any regular inscribed figure, the side of a polygon 
having double the number of sides may be determined ; and 
by like repetition, a series of inscribed regular polygons of. 
diminishing sides and increasing perimeters, may be continued 
to any extent at pleasure. 

To exemplify this remark, let the radius A 0=1, and let 
AB=sAO, so that ABGD may be a regular hexagon. 
Then AD=:2, and in this case AB=:1, BD=^3, the side 
of an equilateral triangle. Let A B'=B'B, join B'D, and 
observe that the exterior chord which corresponds to the 
sides ABS B'D is B^. The formulae under consideration 
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become AB'*b2— BD, B'D*»2+BD, which may be briefly 
written, 

and which will make known the side and chord correspond- 
ing to a regular inscribed dodecagon. In like manner, poly- 
gons of twenty-four sides, forty-eight sides, inc. may be 
determined; the sides and perimeters of which, with those 
of the hexagon and dodecagon, are given in the following 
table: 



Sidf. 

8 « 1.0000000 
^ s0.5176381 
«" bO.2610524 
*'"— 0.1308062 
^* »0.0654382 
&c. 






Chord*. 

c =1.7320508 
c' »rl.9318516 
c" =1.9828897 
c"'=: 1.9957178 
&c. 



THEOREM IX. 



Perimeten. 

6 8 =6.0000000 
12*' =6.2116571 
24 8" =6.2652572 
48 «'"=6.2787004 
96 *** =6.2820639 
&c. 



34. 77ie 8%de of a regular polygon described about a circle, 
and that of a similar inscribed polygon, are proportional to 
the diameter and chord, drawn from the extremities of the 
side of the inscribed polygon to meet in tlie circumference. 




Let AB, ab he sides of two regular and similar polygons 
described about and in the circle a 6 (f; and lei a d, bd be a 
diameter and chord; kB : ab :: ad : bd. 

Draw the radius O E to the point £, in which A B touches 
the circumference, and let A B, a 6 be parallel. The right 
angled triangles AEO, abd are similar, and AE : ab :: 
EO : bd, oi which twice the first term is equal to A B, and 
twice the third equal to ad; wherefore AB : ab :: ad : bd. 

Remark. If the radius a 0=1, and the sides AB, a 6, and 
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chord bdhe denoted by S, a, and c, the proportion becomes 
8 : s ::2 : Cf from which and the numerical results of the 
preceding remark, the sides and perimeters of regular cir- 
cumscribed polygons having six, twelve, ^. sides, may be 
determined ; and will result as follows : 

Sidet. Perimeten. 

S —1.1547006 6 8 =6.9282036, 
S' =0.5358984 12 S' =6.4307806, 

24 S' =6.3193200, 
48 S"'=6.2921724, 
96 S'* =6.2854292, 
&c. 



S'' =0.2633050 

S'"=0.I310869 

S"" =0.0654732 

&c. 



THEOREM X. 



35. 7%e sides and perimeters of regular and similar pohf- 
gons inscrUfed in circles and described about them^ are pro^ 
portional to the radii of the corresponding circles. 

For the polygons being similar, their component isosceles 
triangles formed by joining the angular points and the centres 
of the circles, are equiangular; and the sides and perimeters 
of the polygons are therefore proportional to the correspond 
ing radii of the circles. 



f 3. or IBB ABBAS OF INSCRIBED AND OIBCUMSORIBED FI0UBB8. 

THEOREM XI. 

36. If a triangle be inscribed in a circle^ the product 
of tunce its area^ and the diameter^ is equal to the product 
of its sides. 

B 




Let A B C be a triangle inscribed in a circle, of which the 
diameter is B £, twice A B C.B E=A B.B G.C A. 



82 ELEMENTS OF OBOMBTRT. 

Fcfr if B D be the perpendicular to the base; AB.B Gb 
B D.B E (29), which multiplied by A G gives A B.B C.G Aa 
AG.BD.BE. But AG.BD»twice ABG (cor. 85,1); 
therefore twice A B G.B EsA B.B G.G A. 

Remark. The diameter may be found by means of this 
theorem, when the sides of the triangle are given, since the 
area in terms of these sides has been investigated in the 
remark to theorem xii. chapter I. 

THEOREM XII. 

37. If a qtMtdrilateral be inscribed in a circle^ the product 
of twice its area and the diameter is equal to the product 
of either diagonal, and the sum of the products of the sides 
whifih diverge from the extremities of the other diagonal. 




For ifGE be the diameter, twice A B G.G E=A C. A B.B C, 
and twice ADG.G E=AG.AD.D G (36); therefore twice 
ABGE.GE=AG.(AB.BG+AD.DG). In like manner, 
twice A B G D.G E=B D.(B A.A D-f B G.G D). 

Corollary. If these be briefly written 2 A B G D.G E= 
BG.M, and 2ABGD.GE=BD.L, their comparison will 
prove theorem vi ; and observing that A G.B OsbN (cor. 31) ; 
there will result 2 A B G D.G E=^/(L.M.N). 

Remark. If the sides A B, B G, G D, D A of the quadri- 
lateral be denoted by a, 6, c, d^ and the diagonal A G by e, 
there will result 2 AB GD.G E=e (a6+c</); and by the 
last theorem 2 AB G.G Es=ea&. These by comparison 
give ABGD :ABG :: ab-\-cd : ab, and thus the area of 
the quadrilateral ABGD may be determined by the triangle 
ABG. Now by the remark to theorem xii in the preceding 

chapter, A BGaav'{/>' (/>—«) (P""*) (l'""0}» ^^ which />= 
\{a'\-b+e)\ and which by multiplication of sums and differ- 
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ences (a+6+#), a+6— c/ and e+a—b, e — (a— 6), may be 
written in the form ABC =i v' { [(« + 6)»— c>] [c»— (a— 6)«] } ; 
and since AC».M=L.N (cor. 31), or e^{ab-\-cd)^{ad+bc) 
{ac+b d)^ this becomes on substituting fore' its value, ABC 

The differences of squares in this may be resolved into sums 
and differences; and putting j9=^ (a+^+c+^Qy there will 

result ABC=^-j-p^^/{(;)-a) {p^b) {p^c) {p^-d)}; and 

thence ABCD=v' {(;>—«) (p— *) (/>— {p-^d)]. 
This elegant formula may be thus expressed : 
The area of a quadrilateral inscribed in a circle is equal 
to the square root of the product of the excesses of its semi- 
perimeter above its sides. It involves the area of the triangle 
as a particular case, when any of the sides is supposed to be 

nothing; andbecomesA BC D=(j5— a)v'{(i'— c) {p — ^01' 
when any two sides as B A, A D are equal. 

It is evident that the area of the quadrilateral is independent 
of the arrangement of its sides in the circle, the factors p — a, 
p^by <&c. remaining the same whatever be the order in which 
these sides are connected. 

THEOREM XIII. 

38. If a regular polygon and a rectilinear figure of half 
the number of sides be inscribed in a circle, the area of the 
polygon is equal to the product of the semiperimeter of the 
figure and the radius of the circle. 




Let ABC &;c. be a regular hexagon, and A G £ an equi- 
lateral triangle inscribed in the circle B D F, of which the 



84 ELEMENTS OF OEOMSTRT. 

centre is O ; the area of A B C &c. is equal to the product 
of the semiperimeter of A C E and the radius O B. 

The polygon ABC &c. is evidently equal to the figure 
ACE together with as many equal isosceles triangles ABC, 
C D E, E F A as this figure has sides. But the area q£ the 
figure A C E is equal to the product of its semiperimeter p 
and the perpendicular O 6 to any side A C ; and the total 
area of the triangles ABC, CDE, EFA is equal to the 
product of the same semiperimeter p and the perpendicular 
B G, from any vertex B to the opposite side A C ; wherefore 
the area of the polygon ABC &c, is equal to the product 
of p and the two perpendiculars O 6, 6 B ; that is equal to 
the product of the semiperimeter of AC E and the radius O B. 

Corollary, The radius O B being assumed equal to unity, 
the areas of the hexagon, dodecagon, Slc. may be immediately 
obtained from the tabulated values of the perimeters given in 
the remark to (33). 

Remark, If a regular figure similar to A C E be described 
about the circle B D F, and its semiperimeter be denoted by 
p', its area will be p'.O B, the product of whicn and the area 
of the inscribed figure is pp'»0 6.0 B. But p' : p :: OB : 
O 6 (34) ; therefore p',0 G=^p.O B ; so that the area of 
ABC &c. is equal to the product of the semiperimeter p* 
of the circumscribed figure and the altitude OG of the simi- 
lar inscribed figure ; and by virtue of which the preceding 
product becomes p\0 B*. This is the square of p.O B cor- 
responding to the area of A B C &c., which is therefore a 
mean proportional between the similar inscribed and circumr 
scribed figures of half the number of sides. 

THEOREM XIV. 

39. TTie areas of regular and similar polygons inscribed 
in circles^ or described about them^ are proportional to the 
squares of the corresponding radii of those circles, or of their 
diameters. 

The demonstration of this theorem immediately follows 
from (35) and (100, IV 
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THEOREM XV. 

40. 7Jie area of a regular polygon inscribed in a circle 
is equal to the product of its semiperimeterf and aperperir 
dieuhr drawn from the centre of the circle to any of its 
Hdes. 

This is evident from (101, I), and the definition of the 
circle. 

41. As to rectilinear figures described about circles, it will 

be sufficient to observe, that their areas are equal to the pro^ 

ducts of their semiperimeters and the radii of the circles ; the 

comparative lengths of their sides and their regularity or 

irregularity being evidently of no consideration. 



CHAPTER m. 

OF THE ARCS, CIRCUMFERBNCBS, AMD AREAS OF CIRCLES. 

42. Two arcs of any circle or of any two equal circles, 
^3iay evidenll^ubtend equal or unequal angles, formed by 
^^dii at their extremities. In the first case, the arcs become 
S^dentical when the radii forming the equal angles are coin- 
^^ident. In the second case, the greater arc determined by the 
peater chord, evidently subtends the greater angle at the centre. 




In the circle A G D of which O is the centre, A B, B C ar 
equal arcs subtending the equal angles A O B, B O C ; and 
B G, G D are unequal arcs subtending the unequal angles 
B G, G O D, the second of which is the greater angle sub- 
tended by the greater corresponding arc C D. 

The converse respecting equal or unequal angles relative 
to equal or unequal arcs is also true ; and the like may be 
said of equal or unequal segments and sectors. 

H 
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{ 1. OF THl PROPOBTION OF ARCS AND AlieLIS IN CIBC1.I8. 

THBOBBM I. 

43. 7%e arcs of tqwd circles are proportional to the angle$ 
which they subtend at the centres. 

Let ABC, DEF be equal circles in which the arcs 
AB, D £ subtend the angles A O B, D O E at the centres ; 
AB: DE :: AOB:DOE. 





For if the angle A O B contains the unit or angle A O tn 
three times, and the angle DOE contains the same unit tive 
times, so that AOB:DOE::3:5; and if the radii form- 
ing the equal component angles terminate in tl|| points m, n, 
and /), g, r, s ; the arcs A B, D E will be divided into three 
and five equal arcs respectively (41); wherefore AB : DE :: 
3 : 5. But by hypothesis AOB:DOE::3:5; and there- 
fore A B : D E :: A O B : D O E. 

Corollary, If D O F be a right angle, the correspond- 
ing arc DF will be a quadrant, or the fourth part of the 
circumference, and there will result A B : the quadrant D F :: 
A O B : the right angle D O F, in which proportion the 
second term or quadrant D F determines the fourth term or 
right angle D O F ; and these are invariable whatever be 
the arc A B or the angle A O B. The quadrant D P may 
therefore be assumed as the measure of the right angle D O F ; 
and according to such assumption, any arc A B of the circle 
ABC will become the corresponding measure of its subtended 
angle A O B. 

Remark, From the preceding connexion established be- 
tween any arc of a circle and its subtended angle at the centre^ 
it follows conformably to theorems iii. and vi., that an anf^e 
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at the circumference is measured by half the arc which sub- 
tends it ; and that the angle formed by two chords or two 
secants, is measured by half the sum or half the difference 
of the intercepted arcs. 



$ 3. or THB PROPORTION OP THB CIRCUMPBRBNCE8 OF OOOLIS. 

THEOREM II. 

44. Tlie circuntferencea of circles are proportional to their 
corresponding radii^ or diameters. 

E 





Let A B C, D E F be circles of which AO, D O are the 
radii, and A € A, D F D the circumferences ; A G A : D F D :: 
AO:DO. 

For if regular and similar polygons be inscribed in the 
circles ABC, DBF, their perimeters will be proportional 
to the radii AO, D O (35), or to the diameters A G, D F ; 
and this proportionality will subsist, whatever be the number 
of sides bounding the polygons. But if this number be con- 
tinually increased, the corresponding perimeters will also 
increase, and will continually approach the circumferences 
A C A, D F D, which form their respective limits, and which 
must have their invariable ratio A O : DO. Wherefore the 
circumference AC A : cirumference DFD :: A O : D O. 

Corollary. Similar arcs of circles, subtending equal angles 
at the centres, are proportional to the circumferences, and 
therefore proportional to the corresponding radii or diameters. 

THEOREM III. 

45. 77ke circumference of a circle is to the diameter nearly 
as 8.1415926 to 1. 
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For if regular and similar polygons of 13888 sides be in- 
scribed in and described about the circle, their perimeteis, 
determined by the remarks to theorems ix. x. of the preceding 
chapter, will result 6.2831852 and 6.2881854, correspond* 
ing to radius 1. But the circumference of the circle is 
evidently greater than the first of these perimeters, and less 
than the second ; and must be nearly equal to 6.2831863, a 
mean between them ; wherefore the circumference is to the 
diameter nearly as this mean is to 2 ; or as 3.1415926 to 1. 

Remdrk, The ratio of the circumference of a circle to the 
diameter is usually denoted by the letter ^r, which is said to 
express the semichrcumference corresponding to radius 1. 
Instead of its approximate value here given, the number 
3.1416 and the fractions ^, ff4 ^^^ frequently employed. 
These correspond to inscribed and circumscribed polygons 
of 768, 96, and 3072 sides. The number 3.1416 is equal 
to the fraction 4fH'» which is said to be known to the 
Bramins of India. The fraction %f- was found by Archi- 
medes, and 4f| i* ascribed to Metius, a OermaB mathemati- 
cian of the sixteenth century. It is evident that by increasing 
the number of sides of polygons described in and about a 
circle, their perimeters will continually approach the circum- 
ference ; and that the length of this circumference may be 
considered as numerically determined within any assigned 
degree of accuracy., 



i 3. or THE PROPORTieN or THE AREAS W CIRCLES. 

THEOREM IV. 

46. 7^6 areas of circles are proportional to the squares 
of their radii^ or cf their diameters. 
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Lei ABC, A'B'C foe cirdes of which the ndu are AO, 
A'O' ; the area of AB C : the area of A' B' C :: A ()• 2 A' 0'«. 

For if regular and similar polygons foe inscrifoed in the 
circles A B C, A' B' C, their areas will foe proportional to 
the squares of the radii AO, A'O' (30), or to the squares of 
the diameters j^C, A'C, whatever foe the numfoer of their 
sides, and ho%eyer near they may approach the circles 
AB C, A'B'C, t^iich form their respective limits, and which 
most havii^ their '#variafole ratio A O* : A' O'*. Wherefore 
the area of % B C :^ibd area of A'B'C :: A 0» : k'O'K 

CoroUar^^JThe aiN?a«i of the similar sectors A O B, A'O'B' 
having equaf^imgles ^. O, O', are evidently- 'proportional to 
the circles All^A'B%!'KaQd are therefore proportional to 
the squarlJK^^Nlie radi^, J^^O, A'O', or of the diameters 
ACA'C'X X'"c~v \' 

NrsEORiiiy. 

47. The are^^of a arjpbi is eqiHito the product of its 
senndreumferenchand radiw$k:. \ 



"■-.. 




Let A B C foe a circle of which the radius is A O ; the area 
of A B C is equal to the product of the semicircumference 
A. B C and radius A O. 

For if a regular polygon foe desorifoed afoout the circle 
ABC, its area will foe equal to the product of its semi- 
perimeter and the radius A O ; and this area and correspond- 
ing product, foy increasing the numfoer of sides of the poly- 
gon, will continually approach the area of the circle and the 
product of its semicircumference and radius, which form 
their respective limits, and foetween which there must sufosist 
a corresponding equality. Wherefore the area of the circle 

h2 
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ABC if eqaalto the product of its semiciieumfeieDoe ABC 
and ndiiit A O. 

Corollary. Tke area of the seelor AO B ie equal to the 
product of ite aemiare A B and the radius A O. 

Remark. The segment B C D B is eridently equal to the 
difference between the corresponding sector O B D C, and 
the isosceles triangle B O C. The area of this segment will 
therefore result from the areas of the corresponding sector 
and triangle, determined by the preceding corollary and 
article l%%, I. 

THEOREM n. 

48. The area of a circle described on the htfpotenme of a 
right angled triangle^ as a diameter^ is. equal to the areas 
of circles^ similarly described on the other sides^ 




Let A B O be a right angled triangle of which A C is the 
hypotenuse t the circle A B C is equal to the circles A D B, 
BEC. 

Because drcles are proportional to the squares of their 
diameters, the circle ADB: circle BE C :: AB' : B C*; and 
by composition of ratios, the circle ADB : circle AD B+ 
circle B E G :: A B' : A B'+B C«. But A g««A B«+B €» 
(64,1), and the circle ADB : circle ABC :: AB» : AC«; 
wherefore by comparison of equal ratios,. thj& circle A B Cs 
the circle A D B+ circle B E C . 

Corollary. The semicircle ABC being equal to the semi- 
circles A D B, B E C, ^Ae triangle A B C is equal to the hints 
ADB A, BEGB; and the semicircle A 6 G being equal to 
the semicircles A F B, C FB» tke triangle A B G is equal to 
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the difference o£the eusped $paee AFC 6 and the lenHeular 
9pau BHFK; so tliat the cusped space AFCO is equal 
to the two htnee A D B A, B E C B, and the leniieular space 
BHFK. 



CHAPTER IV. 

or GOirsTRUcnoirs and mensuratioic relatiyb to circlbs. 

49. The problems contained in this chapter complete 
practical geometry and mensuration, as far as regards ele- 
mentary plane figures. The construction of some of them 
already considered in the preceding book, are here effected 
in the usual mode, by the combined assistance of the circle 
and the right line. A number of them are also resolved 
independently of the right line, that the student may not be 
unapprized of some ingenious resources leA to a geometer, 
limited to a compasses, as the only mechanical instrument 
of solution. 



f 1« or ooNSTRVcnoira belatitb to rag oncLB. 



PROBLEM I. 



60. Through a given point A to draw a right line paral- 
lel to a given right line B C^ 




From A as a centre describe the arc C D ; and from the 
centre C describe the arc AB. Take CD equal to AB, 
and join A D which will evidently be parallel to C IX 



92 
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PROBLSV n. 

51. From a given paint A to iraw a perpendicular to a 
given right Kne B C. 

D 





y \ 



First, let A be in the line B C, and from O any point with^ 
out B C, describe the semicircle BAD; join AD, which will 
be perpendicular to B G (12). 

The point D may be determined by applying the radius 
O A as a chord three times round the arc from B to D. 

Secondly, let A be without B C ; and from it as a centre 
describe the arc B G. From B and G as centres describe 
arcs intersecting in D on either side of B G. Draw A D to 
meet B G perpendicularly as required. 

For the triangle ABG is isosceles; and the triangles 
A B D, A G D having equal sides, are identical : the angle 
B A D is therefore equal to G A D, and A D is perpendicular 
to B G (cor. 33, 1). 

PROBLEM III. 

52. 7b divide a given right line A B into two or more 
equal parts. 




In the direction of AB, take AG equal to AB, repeated 
twice or oftener, according to the number of parts required. 
From G as a centre with the radius G A, describe the arc 
AD, and take its chord AD equal to AB. From D, with 
the radius A B, describe an aro intersecting A B in £ ; A E 
is the required part of A B 
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For the similar isosceles triangles A CD, ADE give 
AC : AD :: AD : AE, in which AC is twice AD or AB, 
and therefore A Ba2 AE. In like manner, there will result 
ABsSAF, ABs4AG, ^. when ACaSAB, AC« 
4AB, &c. 

Remark. The usual construction has been already given 
in the first Book, Chap. V. 

PROBLEM IT. 

58. To divide a given angle A into two equal parte. 

D 




A B 

In the sides of the given angle A, take equal parts A B, 
A C ; and from B, C as centres describe arcs intersecting 
in D. Join A D, which will eridently bisect the angle A. 

PROBLEM v. 

54. Jit a given point A to make an angle equal to a given 
angle B, 

»^ F 





A C. B 

From A, 6 as centres describe arcs C D, E F, the latter 
intersecting the sides of B in E, F. Take C D equal to E F ; 
and join A C, A D which will evidently form the angle A 
equal to B. 

PROBLEM VI. 

55. To find a fourth proportional to three given right 
lines A, B, C. 

H 

F 



B- 
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From any point D with radii A, B describe arcs E F, 6 H, 
and let the chord E F be equal to C. From E with the dis- 
tance F H describe an arc intersecting 6 H in O ; the chord 
O H is the fourth proportional required. 

For the triangles D E G, D F H are identical, and the angle 
E D 6 is equal to F D H. From these angles take F D 6, 
and the angle E D F is equal to G D H. Wherefore the isos- 
celes triangles E D F, G D H are similar, and D E : D G :: 
E F : G H, or A : B :: C : G H, the required proportional. 

Remark. When B=A, the chord G H is a third propo^ 
tional to the two lines A and C. 

As td the usual construction of this problem, see 108. 1. 

PROBLEM VII. 

56. To find a mean proportional between two given right 
linee A, B. 




F E 

Let A and B constitute the right line G D E, which bisect 
in O. Take D F equal to D O, and from O describe the 
semicircle C G E. From F with the radius O G describe an 
arc intersecting the semicircumference in G. Join DG, 
which vill be the required proportional. 

For D G is evidently perpendicular to the diameter C E ; 
and C D.D B«D G» (rem. 16) ; or A.B=D G«. 

PROBLEM Vin. 

57. To divide a given right line A B in extreme and mean 
ratio, or so that the square of the greater part may he equal 
to the product of the whole line and the less part. 
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At B erect the perpendicular B C equal to the half of A B, 
and through A, C draw ACE. From C with the radius C B 
descrihe the semicircle D B E, and from A with the radius 
A D describe the arc D F. The point F will divide A B as 
required (rem. 17). 

Corottary. Thesecant A E is divided in extreme and mean 
ratio at D; since AB^^AD.AE, and AB=DE. It also 
appears from the similar triangles A D B, A B E in which 
AD or AF : AB :: B D : B E, that B D is the greater part 
of B £, also divided in extreme and mean ratio ; and that 
D£* or AB«=BE'+BD^ or the square of BE and the 
square of its greater segment, formed by dividing it in extreme 
and mean ratio. 

Semark. This problem may be resolved by a compasses 
thus: From A describe the semicircle B D G, determined by 
applying A B as a chord twice from B to D, and once from 
D to G. From B, G with the radius B D describe arcs at 
£2 ; and from D with the radius A E describe an arc, inter- 
secting A B in F, the point required. 

For the triangle ADG being isosceles, FD«=AD«+ 
FA.FG, or AE»=AB«+FA.FG; and adding A B«, there 
results B E»=:2 A B«+F A.F G. But B E» or B D«=B G»— 
CD«=3AB«; wherefore A B«=:F A.F G, from which sub- 
tracting A B.F A, there remains A B.B F=F A*. 

Corollary. It appears from AB»=FA.FG, that FG is 
divided in extreme and mean ratio at the point A. 

l^ROBLEM IX. 

58. To construct a right angled triangle of which the 
hypotenuse A B and the side A G are given* 




A 

On A B as a diameter describe the semicircle A G B, and 
firom A with the radius AG, describe an arc at G. Join 
A C» B G, which will evidently be the required triangle. 



06 
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PBOBLEMX. 

59. To eonstruei a triangle ofwhieh the ndei A B, B C, 
CAare given. 



\B,..- 




A ^C 

From the extremities of the base A C, with radii equal to 
the sides A B, B C, describe arcs at B. Join A B, B C. 
The triangle A B G is evidently that required. 

Remark. For the construction of a triangle, when two 
sides and the included angle, or when one side and the adja- 
cent angle are given, see Chap. V., B. I. 

PROBLEM XI. 

60. To draw a tangent to a given circle AB G, «o that 
it maypaee through an exterior given point D. 




Join D and the centre O, and on D O describe the semi- 
circle D B O, cutting the circle A B C in B. Join D B, which 
will be perpendicular to BO, and therefore a tangent at 
B (cor. 9). 

PROBLEM XII. 

61. To draw a tangent to a given circular arc ABC 
from one of its extremities. 
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Draw any two chords A B, B G ; join A G, and at the 
point A draw A ]), making the angle BAD eqnal to A G B 
(54) ; the right line A D is a tangent to the arc A B. 

For the angle BAD, formed by the chord A B and right 
line A D, being equal to the angle A G B in the alternate 
segment A B G, this right line is evidently a tangent to the 
arc AB. 

Remark. The chords A B, B G may be taken equal to 
each other, in which case the angle BAD will be equal to 
BAG; and corresponding arcs described from A with the 
radius A B, will determine the position of A D. 

PROBLEM XIII. 

62. To inscribe an equilateral triangle in a giveti 

circle A B G. 

c 




A' D B' 

From any point D in the circumference, describe an arc 
A O B through the centre O of the circle ; the chord A B is 
the side of the required triangle. 

For the chord A B evidently corresponds to a third part 
of the circumference, and is therefore the side of the in- 
scribed equilateral triangle. 

Remark, If a tangent be drawn at D, and the radii A O, 
B be produced to meet it in A', B' ; the side of the circum* 
scribing equilateral triangle will be A'B' ; and the radius of a 
circle in which it may be inscribed is O A'. This side and 
radius are respectively equal to 2 A B and 2 O A, since O D 
is bisected by the chord A B. 

In like manner, may the side of any rectilinear figure cir- 
cumscribing a circle be determined from the side of a similar 
inscribed figure ; a remark which is applicable in case of the 
following and other figures, and need not be repeated. 

I 
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Should the siae A B of the equilateral triangle be given, 
the figure may obviously .be conatructed by arcs described 
from A and B with the radius A B, as in problem x. 

PROBLEM xnr. 
63. To imeribe a square in a given circle ABO. 




Draw the diameters A G, B D perpendicular to each other, 
and join A B C D, which is evidently the required square. 

Remark, The point C may be determined by applying 
A O as a chord three times round the circumference ; and the 
point E may be found as in problem viii. The distance O E 
applied as a chord from A, will determine the points B and 
D ; and thus the angular points of the required square will 
become known. 

To prove that O E is equal to the diagonal A B ; the right 
angled triangle A O E gives O E»=tA E«— A 0»=2 A 0«, and 
the triangle AOB also gives AB'=2 AO*; wherefore OE 
is equal to A B, and the construction is obvious. 

Should the side A O of a square be given, the point B may 
be determined in the manner just explained ; and the remain- 
ing angular point F will be the intersection of arcs described 
from A and B with the radius A O. 

With regard to the circumscribing square, see the remark 
to the preceding problem, or draw parallels to A C and B D 
at B, D and A, G. 
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PROBLEM XV. 



64. To inscribe a reguiar pentagon in a given circle ABC. 

D 




B 

Divide the radius O A in extreme and mean ratio, and let 
the greater segment be O F. From F as a centre with the 
radius O A, describe an arc, cutting the circle ABC in B. 
Join A B, which is the side of the required pentagon 
ABCDE. 

For join BO, B F ; draw the equal chords A D, B D, and 
the radius O D. Because the base O F of the isosceles tri- 
angle F B O is equal to the greater segment of its side B F, 
divided in extreme and mean ratio, the angle B O F is twice 
the angle OBF (cor. 57, 1). But the angle BOF is also 
twice the angle ADB (ll); wherefore the isosceles triangles 
F B O, A D B are equiangular, and the angle B O F or A O B 
isequaltoADBorBAD. Eachof the angles A OD, BOD 
is therefore twice the angle A O B ; and the right line A B, 
subtending a fifth of the angles at the centre O, is the side 
of the required pentagon. 

Remark. The triangle F B O being isosceles, A B*=0 B*+ 
A.AFssOA' + OF", in which the radius O A is equal to 
the side of a regular inscribed hexagon (95, 1), and the seg- 
ment O F equal to the side of a regular inscribed decagon 
(rem. 32). This formula may therefore be expressed in the 
following terms : 

77ie square of the side of a regular pentagon inscribed in 
a circle, is equal to the square of the side of a regular in- 
scribed hexagon, together with the square of the side of a 
regular inscribed decagon. 

It will also be proper to observe, that if the side A B be 
given, the chord A C may be formed from it, precisely as 
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A E has been determined in problem Tin. The correspond- 
ing pentagon may then be constructed by the radii A B, AC, 
and arcs described from the points A and B. 

PROBLEM XYI. 

65. To inscribe a regular hexagon in a given circle ABC. 
The construction of this figure is obvious: The radius 

applied as a chord six times round the circumference will 
determine the angular points of the hexagon. 

Remark, If the side be given, an equilateral triangle 
described on it will determine the centre of a circle in which 
the angular points of the figure may be ibund, in the manner 
just mentioned. 

PROBLEM XVII. 

66. To inscribe a regular octagon in a given circle ABC. 



'y^X 


c 


ir^^ 


y- 



B 



Draw the diameters A E, C G perpendicular to each other. 
Apply the diagonal A C from the centre O to K, in the pro- 
longation of O C. From K as a centre with the radius A O, 
determine the points B, D ; by which F, H will become 
known. Join the several points ABC &c., which will form 
the required octagon. 

For the isosceles triangles O A C, B O K are identical; and 
the angle BOG being equal to G A O, is half a right angle. 
Wherefore the point B is in the required octagon. 

Remark, The points A, G, E, G may be determined as 
the angular points of the square in prob. xiv. ; and K may also 
be found in the same manner as the point E, prob, yiii. . 

Should the side of the octagon be given, the centre of the 
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circumscribing circle maybe found by problem xii., B. I. ; or 
the following construction may be adopted : 




On A B, the given side, describe the square A B C D ; and 
let the prolongations of its sides AD, B C, and of its diago- 
nals AC, BD be respectively equal to the diagonal AC 
and side A B ; by which the points E, F, 6, H will be deter- 
mined. The remaining points K, L may be found by arcs 
described from B, H and A, G, with the radius A B. 

For the several angles are evidently formed of a right 
angle, and half a right angle equal to B A C ; wherefore the 
figure is a regular octagon. 

If a semicircle be described from A with the radius A B, 
and a chord be drawn as A F in problem xi., this chord will 
be equal to D E or C F. The points E, F may therefore be 
determined by a compasses ; and these with the four points 
already known, will determine, by the intersection of arcs 
described with the radius A B, the remaining vertices of the 
octagon. 

PROBLEM XVIII. 

67. To construct a regular decagon in a given circle 
ABC. 

p 




Divide the radius O A in extreme and Hiean ratio, and let 
M be the greater segment. Apply O M ten times round 

i2 
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the otromnfeience, and the several angular points ef the le* 
quired decagon will be determined (rem. ^). 

Remark. Should the side A B of the decagon be given, 
the radius A O may be found as A E in problem vm. 

The polygons constructed in the preceding problems are 
those usually considered in elementary geometry. ' From the 
hexagon other polygons may be obtained by continually 
bisecting the angles at the centre of the circles ; and the like 
may be said relatively to the octagon and deeagcmt which 
will give polygons of 16, 32» 64, A^c, and 20, 40, 80» du)., 
sides respectively. A third series of polygons may be 
formed by inscribing a regular hexagon and decagon, so that 
they may have two of their vertices at the extremities of the 
same diameter ., The arcs between other adjacent vertices 
will then be -^ or ^ of the circumference, corresponding to 
polygons of 15 and 30 sides, and from which polygons of 
60, 120, 240, iic. sides may be derived by bisections of 
angles, as in case of the hexagon, octagon, or decagon. 

In addition to the polygons here mentioned, and which 
were known to ancient geometers, Mr* Gaus, a distinguished 
German mathematician, has proved in his DisquisiHones 
ArithtneticsBf published in 1801, that polygons having 17 
sides, 267 sides» and in general polygons, of which the number 
of sides is expressed by a prime number of the form 2**+ If 
may be geometrically constructed. The mode of inscribing 
these figures in circles is extremely though necessarily com- 
jd^i, as may be readily imagined, and depends on considera- 
tions in advance of the present treatise^ 

9I10BJ.EM XIX. 

68. To find the centre of a given circle ABC. 
c 
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Draw the chord A B, which bisect perpcndieultrly by the 
diameter CD. Bisect CD in 0» which is evidendy the 
required centre. 

Remark. To determine O independently of the right line, 
from B describe the semicircle A C D, cutting the circum- 
ference in the points A and C. Find AO a third propor- 
tional to CD and AB, which will be equal to the radius of 
the given circle, and by which the centre O may be imme- 
diately determined. 

For O being the centre, the isosceles triangles A O B, C B D 
are evidently similar, and CD:BC orAB::AB:AO, 
which is therefore a third proportional to CD, AB, and 
leads to the preceding construction, 

PROBLEM XX, 

69. To bisect a given arc AB of a circle, of which the 
centre O is given. 

D 





Draw the radii OA, OB, and bisect the angle AOB by 
the right line O C, which will evidently bisect the arc A B. 

Remark. The arc A B may also be bisected by means of a 
compasses. From A, O with the radii A O, A B describe 
^rcs intersecting at C, so that O C may be parallel to AB ; 
and from B, O detemune in like manner the opposite point D. 
From C, D with the radius A D describe arcs at E ; and from 
either of the same points with the radius O £, describe an 
arc cutting AB in F, the point required* 

For A O C is an isosceles triangle, and A D terminates 
in D, a point in the prolongation of its base; wherefore 
D A»=A 0«+D O.D C=:A 0»+2 D 0» ; or D A»=F 0»-f 
2 D O*. But F O and D O being perpendicular to each other, 
DF*tsFO*+I>0*; and therefore D A'->D F«+D 0'» 
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EO>+I>0« or DA'->DES from which DA— DE; and 
the constnictioii is obTioiui. 



PROBLKM xn. 



70. TV describe on a given right Une A B, a tegmeni of 
a circkf capable of containing a given angle C. 




Draw AD, BE, making the angles BAD, ABE, each 
equal to C ; and perpendicularly to these lines draw A O, B 0, 
which will intersect in O, the centre of the circle, determin- 
ing the required segment. 

For A D, B E forming with the chord A B angles respect- 
ively equal to the angle F in the segment A F B, are tangents 
to the circumference at A, B (13) ; and therefore A O, B 
are radii. 

Remark. The radius A O may he determined by means 
of a semicircle described from B and by a third proportional, 
as in problem xix% 



PROBLEM xxn. 



71. To describe a circle about a given triangle A B C, or 
aboiit any rectilinear figure, when such is possible. 





Bisect any two adjacent sides AB, BC by perpendiculars 
GO, H O, which will evidently determine the centre O. 



IW 
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79. To hucrSbe m drde m a giren triamHe A B C, #r tn 
rteiUuuar figurt^ when ntcM u poisibU. 





Bisect any two angles A, B, adjacent to the same side 
AB. The point O in which the bisecting lines meet, 
win eridentlj be the centre of the circle. 



$8. or MKHSuaATunr uultitk to the cikclk. 

PROBLEM I. 

73. 7b ddermint the side of an equilateral triangle in- 
icribed m a given circle. 




The Hde^r.^B, [1] 

in which r is the radius A O. 

For draw the diameter C D perpendicular to A B. The 
chord AD is equal to the radius AO, and therefore 
A C«— C D«— A 0»==3 A 0«, from which A C « r^3. 

dorollary. Since OE is the half of OD, the altitude 
C E«| r. ' 

Example. Let r»10 yards; then A Ba 10 v^3» 17.3206, 

andCE=15 yards. 

Remark. The side of a circumsoribing equilateral triangle 
is twice that of tlie inscribed figure (rem. 62). 
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PROBLEM II. 

74. To find the area of an eqtnlaieral triangle hucribea 
in a given circle. 

The flrea=|v^3.r« [2]. 

For the base is r\/3, and the altitude |r, and therefore 
the area is expressed by formula [2]. 
Example, If r=10, the area=129.Q037. 

PROBLEM lU. 

75. To determine the side of a square inscribed in a 
given circle. 




The side^ry/^ [3]. 

For A B»=aA 0»+0 B«=2 A 0», and therefore A B=r^2. 
Remark. The side of the circumscribing square is ob- 
yiously equal to the diameter. 

PROBLEM IV. 

76. To find the area of a square inscribed in a given circle. 

The area=2 r» [4]. 

For the side=r^2, the square of which is 2 r*. 
Example. Let r=12 feet, 9 inches. The area=325 feet, 
1^ inches, square measure. 

PROBLEM V. 

77. To find the area of a quadrilateral inscribed in a 
given circle. 

The area^^lip^a) (p^b) (p^c) {p-d)] . . [5], 
in which p is the semiperimeter, and a, 6, c, d^ the sides 
of the inscribed quadrilateral (rem. 37). 

Example. Let ass3, 6s=4, cb5, d=z6. Then p^d, 
p^asxSf p^b^h^ p^c^4f p-^dtBsd, and the area» 18.97. 
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PROBLSX VI. 

78. To determine the side of a regular pentagon inscribed 
in a given circle. 

D 




The «(fc=r^{L-j^{ [6]. 

« 

For if the radius A 0=sr be divided in extreme and mean 

xatio, by erecting a perpendieular at A equal to its half, as in 

prob. ym. ; the greater segment will be the difference between 

r r 

^(f*-j-jr*) and —, and which is — (v^5 — 1). But the square 

of A B is equal to the square of this segment and that of A O ; 

wherefore AB»^^*(^— 2v^5)+r«=r«.-^j~5, and A B is ex- 

pressed by formula [6]. 

Corollary. The altitude OP^v'fAO*— J AB»} = 

5+%/5 
Remark. If AB =«, there will result AO or r=8.^{ — — — ] , 

5+2v^5 
and O F=i 8^{ — }, by virtue of which the radius of 

a circle, circumscribing a given polygon becomes known* and 

also the altitude of the polygon. 

Example. Let r=10 feet; then A Ball. 7556, and OFsi 

AO 
8.0901. The side of a circumscribing pentagon sr^p. A B. 

PROBLEM VII. 

9. To find the area of a regular pentagon inscribed iu 
a given circle. 



108 SLBMBNTS OF GEOMETRY. 

The area^f^.i^p^l [7]. 

For the side AB=r^{ ^^y^ }, and the altitadeOF* 
I f^^ "^y^ .j, therefore the area of the component triangle 

AOB=s^r»v^{ y^ },and that of the pentagon is express- 

ed by formula [7]. (See the preceding figure). 

Bemark. If AB=«, the area=i*VJ25+10^5}=: 
1,720477 8*9 from which the area of any regular pentagon of 
which the side is given may be found. 

Exapiple, Let r=10, then the area=237,762. -The area 
of the circumscribing pentagon will result from this multi- 

pUed by ^ (100, 1). 

PROBLEM VIII. 

80. To determine the side of a regulqx polygon inscribed 
in a given circle^ having the side of an inscribed regular 
figure of half the number of sides. 




The side A B=^(2 r^-^r c) ; [8], 

in which c is the chord C D=^(4 r* — «■), joining the given 
side A Os«, and the diameter A D=2 r (cor. 33). 

Corollary. The altitude corresponding to the required side 
i8i\/(2r«+rc). 

Remark. The side AB is also equal to the excess of 
^/{r*+^rs) above \/(r*— Jr*); and the corresponding 
altitude is half the sum of these roots, found by extraction, 
after the substitution of s/{A r*^s*) instead of c. From the 
formida [IB], and the known sides of an inscribed equilatenl 
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triangle, square, and pentagon, there results for the sides of 
the hexagon, octagon, decagon, and dodecagon^ the following 
yalues : r, r^(2— -v/2), ^ r (^5—1), and ^ r (^6— v^2) ; 
or r; .76536 r; .61803 r; .51764 r/ which maybe rendered 
particular by taking any number for r. 

PROBLEM IX. 

81. To find the area of a regular polygon inscribed in a 
given circle, having the side of an inscribed regular figure 
of half the number of sides. 

The area^p r [9], 

in which p is the -semiperimeter, corresponding to the given 
side Sf and r the radius (38). 

Example. Let rslO, and suppose the polygon correspond- 
ing to the given side to be a regular hexagon. The area of 
the dodecagon will then be 30. lOaSOO. 

Remark, The preceding formula immediately results from 

the expressions given for the side and altitude in the last 

f 
problem ; for half the product of these is — %/(4 r^^c*) =i rs; 

which multiplied by the number of sides forming the perime- 
ter 2j9, will give the expression [9]. The area/? r is also a 
m^an proportional between the area pm of the inscribed 

figure, and the area - — , of the similar circumscribing figure, 

m 

the altitude corresponding to p being represented by m 
(rem. 38). 

. . PROBLEM X. 

82. To find the circumference of a drde, of which the 
radius or the diameter is given. 
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Tlu circumference c»2 nr. ...... [10], 

in which r is the radius, and ts3. 1416926. 

Example. Let the diameter =s20 yards. The radius rs 10 
and the area8s62.8dl852 yards. 

Corollary. When the circumference e is given, the dia- 

meter 2 r^- . 

TT 

Remark. Instead of the preceding value of Xt the fraction 
fff may be used, or either of the values 3.1416, ^'-, accord- 
ing to the degree of accuracy required. 

PROBLEM XI. 

83. To find the area of a circle of which the radius^ or 
the diameter f is given. 

The area^r»7C [11]. 

For the area =s^ cr (47), and | c^r ;r, by the last problem; 
wherefore the areaa=r*^. 

Example. Let the diameter 2 r^20 feet, then rs=10 and 
the area»314.15926 

PROBLEM XII. 

84. To find the area of a sector of a circle, having the are 
and radius given. 

The area=:^ ar [12], 

in which a denotes the arc of the sector. 

Example. Let a be one tenth of the circumference, corres- 
ponding to r=B6 feet. The circumference c=37.6902, the 
arc a=3.76992; and the area=:3x3.76992s= 11.30976 
square feet. 

PROBLEM XIII. 

85. To find the arc of a circular segment of which the 

chord and height are given. 

c m 
The arc a= r nearly [131, 

in which h is the height of the segment, c the chord, and 
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ins3 r^ih, or 3 r— } h, according as A is greater or less 
than half the radius r. 




A' 

For let A B A' be a segment, of which the semiarc A B is 
one fifth of the circumference described from O with the 
radius O B=l. Then O £=.309017 being the semichord of a 
regular inscribed decagon, there will result AE or ^ca=.951057, 
BE or A=.690983, and B C or 772=2.827255. By virtue 
of these values, the first formula gives a=:2.51738, which is 
nearly equal to the true value a=2. 51328. The same for- 
mula in the extreme case of ^=1 gives a=y^f one of the 
approximate values of tt ; and these cases sufficiently show 
its application and accuracy. As to the second formula, let 
A A' be the side of a regular inscribed decagon. Then 
c=.618034, ^=.048943, m=2.990211, and a=. 628318, 
which is extremely near the true value of the arc. 

Remark, From either of the. formula here given, there 
results a^^c (l+i^)t when h is considered sufficiently small 
to neglect its square, and higher powers. According to this 
supposition, A=i c', and therefore a=^c-\-^^ c®, which may 
be employed to determine the arc of a segment of which the 
height is small relatively to its chord. 

PROBLEM XIV. 

86. To find the area of the segment of a circle^ of which 
the radius^ chord, and arc are given. 

The area^i ar-^-^ c^(4 t^-^c*) [U], 

in which c is the chord, and a the arc. 

For the area of the corresponding sector is ^ar, and the 
altitude of the isosceles triangle, of which the base see, is 
\/(r'— ^c'); wherefore the area of this triangle is j^e 
y/{4r* — c*) ; and the area of the segment is expressed by 
formula [14]. 
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Example. Let a be one tenth of the circumference of 
which the radius is 6 feet. Then c being 3.7082, the area 
sll.30976— 1.8541 X5.70646=.72972. 

Remark. If the height h and chord c be given, the square 
of the chord of half the arc will be c»+A*=2r A (54, 1), from 

which the radius r=— — -=— . • 

2A 

PROBLEM XY. 

87. To find the area of a circular anntdtis or nVig, of 
which the interior and exterior diameters are given. 

B 




7%c arca=(r»— r'»)7r [15], 

in which r and r' are the exterior and interior bounding cir- 
cumferences. 

Example. Let r=s8 inches, and r'=6 inches. The area 
ss(8>—6')?r =87.9646 square inches. 

Remark. Should the annulus be equal to any number of 
times the interior circle, as for instance twice, this circle will 
be a third of ABC; and therefore r'^^s^r^, from which 

r 
r'as— ^3. This may be determined in the following manner : 

o 

On A O describe the semicircle A £ O. Divide A Q into 
three equal parts, and at D the first division reckoned from 
the centre O, erect the perpendicular D £, meeting the semi- 
circle in E. The required radius is OE. For 0E*= 
AO.D O (54, 1)=| A 0«, or r'»= J r», as above given. 

By means of another perpendicular at the middle of A D, a 
corresponding radius O E' may be determined, so that the 
circumference described through E' will form with the inte- 
rior and exterior circumferences annuli equal to each other 
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and to the interior circle; and in a similar manner may 
A B C be divided into any number of equal parts whatever. 

The preceding construction and formula [15] are hot limited 
to annuli formed by concentric circles, but will apply to those 
bounded by eccentric circles, and even to lunes having their 
cusps at the point A or G. The division of A B C may there- 
fore be effected independently of the particular situations of 
the interior circles, of which the radii are OE, OE', &c. 

In addition to the present remark, it may be proper to 
notice a simple construction by which the circle ABC may 
be divided into parts, having not only equal surfaces, but 
also equal perimeters. The views which first led to the 
possibility of this division, may be seen in Dr. Hutton's 
Mathematical Tracts. The construction is the following : 

Divide the diameter A into as many equal parts as re- 
quired in the circle ABC. Through each point of division 
and the extremities A, C, describe semicircles on different 
sides of A C. The cusped spaces thus enclosed will have 
equal surfaces and also equal perimeters. 



For if R be the radius of A B C, and r, r^ the radii of any 
two consecutive semicircles on the same side of A C, the cor- 
responding radii of the semicircles on the opposite side will be 
R^r, R — r', and the area of the enclosed cusped space will 
be R (r— r') tt (83). But A C being divided into a given 
number of equal parts, as for instance four, r — r's=^ R, and 
the preceding area becomes ^ R* tt, which is obviously the 
fourth part of the circle ABC. As to the perimeter, it is 
evidendy equal to 2 Rt, the circumference of AB C (82). 

0t 
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BOOK III. 



OF PLANES AND PLANE SOLIDS. 



CHAPTER I. 



or TBI RBLATITB POSITIOKS OF PLANM^ 

1. A PLANE may, in accordance with its definition, pass 
through a right line joining any two points; and it may 
evidently he so posited as to pass at the same time through a 
third point without that line. It follows therefore that a 
plane may he drawn through any three points whatever ; and 
that any three right lines which me^t each other, are in one 
and the same plane., 




The plane A B passes through the three points C, D, E ; 
and also through the three right lines C D, D E, £ C, which 
join these points, and which form the triangle C D E. 

2. Two planes evidently intersect each other in a right 
line. This liae being in both planes is termed their common 
section^ 




Of the planes A B, C D which cut each other, the common 
section is the right lino E F. 

3. Three planes intersect each other in three right lines, 
of which 4||h one may evidently be perpendicular to each of 
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the remaining two. It follows therefore that a right line 
whioh meets a plane in a point, may be perpendicular to two 
other right lines drawn in the plane from that point ; and also 
that any three right lines whioh meet in a point may be per- 
pendicular to each other. 




The planes A B, C D, E F intersect in the right lines 
6 D, 6 F, 6 H, of which 6 H may evidently be perpendicu- 
lar to 6 D, G F in the plane A B ; and these two lines 
6 D, G F, by turning the plane C D about the line G H, may 
evidently be perpendicular to each other. 



{ 1. or THE POSITIONS OF RieHT LINES BBLATIVELT TO A. PLANE. 

THEOREM I< 

A. If a right line be perpendicular to each of two right 
Hne$ at a common point, it ia perpendicular to every other 
right Kne in their plane at that point. 

Bl 




B' 

Let the right line AB be perpendicular to each of the 
lines A C, A D, in the plane F G ; and let A E be any other 
right line in this plane ; A B is peipendicular to A E. 

In B A produced, take A B' equal to A B ; join C D, meet- 
ing A E in E ; and also join each of the points' B, B' and 
C, D, E« Because A B is perpendicular to ACL A D, its 



prolongation A B' is also perpendicular ta these ^pi (13,. I), 



'M 
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and B A C, B' A C are right angles, and likewise B A D, B' AD. 
But these angles have their sides respectively equal ; where- 
fore the subtending lines BC, B'C and also BD, B'D are 
respectively equal (Hyl)* Again, because the triangles 
B C D, B' C D have their sides respectively equal, the angles 
B C D, B' C D are equal ; and these angles having C E com- 
mon, and the sides BC, B'C equal, are subtended by the 
equal lines BE, B'E ; wherefore the triangle B E B' is isos- 
celes, and B B' or A B is perpendicular to the right line A E. 




5. A right line is said to be perpendictdar to a plane, 
when it is perpendicular to every right line which it meets 
in that jplane ; and conversely the plane is said to be perpen^ 
dicular to the right line. 

Corollary 1. A right line is perpendicular to a plane, when 
it is perpendicular to two right lines which it meets in that 
plane (4). 

Cor, 2. There cannot be two perpendiculars to a plane 
from the same point, and on the same side of the plane. For 
such lines would be perpendicular to the common section of 
that plane with the plane passing through them, which is 
impossible (cor. 13, 17, 1). 

THEOREM II. 

6. Jfa right line be perpendictdar to each of three right 
lines at a common point, those three right lines are in one 
and the same plane. 

Let A B be perpendicular to each of the lines A C, A D, A E 
meeting in the point A ; these lines are in one and the same 
plane. (See the preceding figure). 

For ifia^, A E one of these lines, and also the common 
section Mile plane of AE, AB with the plane of the re- 
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maining lines A C, A D, would be perpendicular to A B, at 
the same point A, and in the same plane BAE; which is 
impossible (cor. 13, 1). 

THEOREM III. 

l.Ifa perpendicular to a plane meet either side of a right 
angle in theplane^ the other side of this angle and an oblique 
/tne drawn from the perpendicular to its vertex ^ areperpen-- 
dicular to each other. 




Let A B be a perpendicular to the plane £ F, and A C one 
of the sides of the right angle A C D in this plane ; the other 
side C D of this angle and the oblique line B C are respect- 
ively perpendicular. 

Produce D C, and let C D' be equal to C D. Join each of 
the points A, B and D, D'. Because the angles A O D, A C D' 
are right angles and have equal sides, the subtending lines 
AD, AD' are equal (11, 1) ; and for a like reason, the lines 
B D, B D' subtending the right angles B A D, B A D' are also 
equal ; wherefore the triangle D B D' is isosceles, and B C, 
C D are respectively perpendicular (cor. 33, 1). 

Remark. The right lines A B, CD, though perpendicular 
to A C, are not parallel, as they would be were they situated 
in the same plane. 

THEOREM IV. 

8. If two right lines be parallel, and one of them be per- 
vendictUar to a plane, the other is perpendicular to that plane. 




Let A B, C P be parallel, and A B perpendi^^ to the 
plane F G ; C D is also perpendicular to this pl^SF 
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Join A C, B C ; and in the plane F 6, let the right line 
C E be perpendicular to A C. Because C E is perpendicular 
to the lines A C, B C (7), it is perpendicular to their plane (6) ; 
and because these lines are in the plane of the parallels A B, C D, 
the line C E is perpendicular to C D in this plane (4). But 
A G is perpendicular to A B and its parallel C D (22, 1) ; where- 
fore G D being perpendicular to the lines G E, A G, is per- 
pendicular to their plane F G (6). 

Corollary 1. Two perpendiculars to the same plane are 
parallel. For otherwise, a right line drawn parallel to one 
of them from the point in which the other meets the plane, 
would be perpendicular to this plane ; and there would be 
two perpendiculars to a plane at the same point, which is 
impossible (cor. 13, 1). 

Cor. 2. Two right lines which are parallel to a third 
right line, though not in the same plane with it, are also 
parallel. For a plane drawn perpendicular to this line will 
also be perpendicular to each of the other lines, which are 
therefore respectively parallel. 

THEOREM y. 

9. If two right lines he parallel^ and one of them be in a 
plane, the other cannot meet the plane. 




Let A B, G D be two parallels of which G D is in the plane 
E F ; A B cannot meet this plane. 

For if A B, which is in the plane A D passing through 
G D, could meet the plane E F, the point of meeting would 
be in G D, the common section of these planes. But A B 
cannot meet the line GD, since it is parallel to this line; 
wherefore A B cannot meet the plane E F. 

10. •/$ right line is said to be parallel to a plane, when it 
cannot m|et the plane ; and conversely, the plane is said to 



m^t 



be paraHf^ the right line 



■.V 
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$ 2. OF THE POSITIONS OF TWO DIYERGINO PLANES. 

11. Wiien two planes meet each other, and are not in the 
same direction* they diverge and form an opening. The 
poflition of the planes relatively to each other depends on 
the opening formed ; and this opening is evidently independ- 
ent of the extension of the diverging planes. 

12. A dihedral angle is the opening formed by two 
diverging planes. The right line in which the planes meet, 
or their common section, is termed the edge of the dihedral 
angle formed ; the diverging planes are called sides or faces 
of this angle. 





B A F E 

A dihedral angle is expressed by four letters, of which the 
second and third refer to its edge ; and the first afld fourth 
to its faces ; as the dihedral angle ABCDorDBCA; the 
dihedral angle E F 6 H &c. 

13. Dihedral angles are either equal or unequal. Two 
eqiud dihedral angles have their edges and faces respectively 
coincident, when placed on each other. Two uneqiud 
dihedral angles have two of their faces diverging, when their 
edges and their other faces are respectively coincident. 

K 





The dihedral angles A B C D, E F G H, of which the edges 
and faces coincide on superposition, are equal ; the dihedral 
angles A B C D, E F 6 K are unequal, the latter being greater 
than F F G H by the dihedral angle H F G K. 

14. Two equal or unequal dihedral angles may be deter- 
mined by corresponding equal or unequal plane a|||^s, formed 
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by right lines drawn in their faces, perpendicularly to their 
edges. For when those plane angles are equal, the dihedral 
angles to which they correspond will evidently coincide and 
be eqnal; and when they have a given ratio to each other, 
the dihedral angles will have the same ratio, since planes 
'passing through their edges will evidently divide them and 
the plane angles into the same number of equal correspond- 
ing angles. 

ID ^D* 





B A B'" 

Of the dihedral angles ABCD, A'B'C'DS the corres- 
ponding plane angles are £ F 6, E' F' 6', the coincidence 
of which and that of the perpendicular edges C F, C F' evi- 
dently determine the coincidence of the faces A C, B D and 
A'C, B'D' respectively. 

15. The measure of a dihedral angle is the plane angle 
formed by right lines drawn in its faces perpendicularly to 
its edge or the common section of its bounding planes. 
Thus the plane angle £ F 6 is the measure of the dihedral 
angle ABCD; the plane angle E' F' G' is the measure of 
A'B'C'D', &c. 

Remark. This definition being a legitimate inference 
from the equality and relations subsisting between dihedral 
angles and the corresponding plane angles formed by perpen- 
diculars in their faces, it may be asserted that dihedral angles 
are right or oblique, and their faces perpendicular or oblique 
to each other, according as their corresponding plane angles 
are right or oblique; and also that adjacent and vertical 
dihedral angles possess properties analogous to those enun- 
ciated in Theorems i. and ii. of the first Book. 

• 

THEOREM VI. 

16. u^ two planes form a dihedral right angle^ a perpen- 
dicular irtilUher plane to the common section^ is perpen- 
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dieular to the other plane; and conversely^ a perpendicular 
to either plane, at any point of the common section, is in the 
other plane. 

Let A C, B D be two planes forming the dihedral right 
angle A B C D, and let the right line E F in the plane A C 
be perpendicular to the common section B C ; E F is perpen- 
dicular to the plane B D ; and conversely. 

c 

P 
A 

In the plane BD, draw EG perpendicular to BC. Be< 
eause the dihedral angle A B C D is a right angle, the corres- 
ponding plane angle F E 6 is also a right angle, and therefore 
£ F is perpendicular to E 6. But E F is likewise perpen- 
dicular to B C ; wherefore it is perpendicular to the plane 
of E G, B C (cor. 5), and which is the plane B D. 

As to the converse, if E F considered as perpendicular to 
the plane B D, were not in the plane A C, a right line E P 
drawn perpendicular to BG, in the plane AG, would be 
perpendicular to the plane BD; and there would be two 
perpendiculars E F, E F' to the plane B D, at the same point 
E, which is impossible (cor. 5). 

Corollary 1. A plane which passes through a right line 
perpendicular to another plane, is perpendicular to this plane. 

Cor. 2. The common section of two planes perpendicular 
to a third plane, is perpendicular to this plane. 

THEOREM VII. 

17. If two planes form a dihedral oblique angle, and one 
of them be perpendicular to a right line, the other is oblique 
to this line. 
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Let the planes A C, B D form the dihedral oblique angle 
A B C D, and let one of them A C be perpendicular to the 
right line E F ; the other plane B D is oblique to E F. 




Join the points E, F in the planes A C, B D, and any 
point G in the common section B C. Because the plane 
A C is perpendicular to E F» the angle F E 6 is a right 
angle (5) ; and therefore the triangle F E G formed by the 
lines EF, FG, GE (1), has the angle EFG acute. But 
this angle is formed by E F and the right line F G in the 
plane BD; wherefore this plane is oblique to the right 
line £ F. 



3. OF PARALLEL PLANES. 



18. It follows immediately from the preceding theorem, 
that two planes which are perpendicular to the same right 
line, cannot meet on either side of this line ; for in such case, 
one of them meeting the other and forming an angle, would 
be oblique and not perpendicular to the right line. 

19. Two planes are said to be parallel^ when they cannot 
meet, however far produced. 

Corollary. Two planes are parallel, when they are per- 
pendicular to the same right line. 




The planes A B, D regarded as incapable of meeting 
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each other, or as perpendicular to the same right line £ F, 
represent parallel planes. 

THEOREM Vm. 

20. Two planes are parallel^ when two diverging right 
lines in one of them are respectively parallel to two diverge 
ing lines in the other. 

E B 




C H 

Let A B, C D be two planes, in which the diverging right 
lines EA, £B are respectively parallel to FC, FD; the 
planes A B, C D are parallel. 

At the point E, let the right line E 6 be perpendicular to 
the plane C D, and through 6 in this plane draw the right 
lines 6 H, G K respectively parallel to F C, F D. Because 
E A, G H are parallel to F C, they are parallel to each other.; 
and for a like reason, E B, G K are also parallel (cor. 8). 
But G H, G K are perpendicular to E G (5) ; their parallels 
E A, E B are therefore perpendicular to E G (8) ; and the 
planes A B, D being perpendicular to the same line E G, 
are respectively parallel (cor. 19). 

THEOREM IX. 

21, J^ two parallel planes be cut by a third planer the 
corresponding intersections are parallel, 

E B 




Let the two parallel planes A B, D be cut by the plane 
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E F, and let E B, G F be the corresponding inlerseedonB ; 
E B is parallel to G F. 

For the right lines E B, G F in the same plane E F, can- 
not meet, though produced, since the parallel planes A B, G D, 
in which they are situated, do not meet. These lines or 
intersections E B, GF are therefore respectively parallel. 



THEOREM X. 



22. If two parallel planes intersect the faces and edge of a 
dihedral angle j the corresponding plane angles formed by 
the intersections are respectively equal. 




c H 

Let the two parallel planes A B, CD intersect the faces 
B G, £ G and edge F G of the dihedral angle B F G H, and 
let the intersections be B F, D G and E F, H G ; the angle 
BFEisequaltoDGH. 

Take F B, F E respectively equal to G D, G H and jom 
BE, DH, and also BD, EH. Because the plane BG 
meets the parallel planes A B, C D, the sections B F, D G 
are parallel (21) ; but these lines are also equal; wherefore 
BD, FG joining their extremities are equal and parallel 
(27,1); and for. a like reason, EH, FG are equal and 
parallel. Again, because B D, E H are parallel to F G, they 
are parallel to each other (cor. 8) ; but they are also equal ; 
wherefore the connecting lines B E, D H are equal ; and the 
two triangles F B E, G D H having their sides respectively 
equal, hatVe the angle B F E equal to D G H (39, 1). 

THEOREM XI. 

23. 7\uo parallel planes intercept equal parallel right 
lines. 
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The parallel planes A B, C D intercept eqnal parallel right 
lines E F, 6 H. 




Join £ 6 and F H. Because £ F, G H are parallel, ihej 
are in the same plane £ H ; and because this plane meets 
the parallel planes A B, CD, the intersections £ G, F H are 
respectively parallel (21) ; wherefore £ F G H is a parallel- 
ogram, and £ F is equal to G H ^T7, 1). 



THEOREM XII. 



24. TTiree parallel planes intersecting two right lines^ 
cut them proportionally. 




Let the planes A B, C D, £ F cut the right lines G H K, 
L M N ; these lines are cut proportionally, so that G H : H K :: 
LM :MN. 

Join G L, K N in the planes A B, £ F ; draw G N meet- 
ing the plane C D in O, and join H O, M O in this plane. 
Because the plane G K N meets the parallel planes C D, £ F, 
the sections HO, KN are parallel (21), and therefore 
6H:HK::G0:0N (48, 1). For a like reason, the 
sections O M, G L, formed by the plane N G L, and the 
parallel planes CD, AB, are also parallel; and therefore 

l2 
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60:0N::LM:MN. Compare this and the preceding 
proportion, and there will result 6H:HK::LM:MN. 



$ 4. OF THE POSmOKS OF THUS DIVIBOING PLANKS. 

25. When three planes have a common point, but do not 
pass through the same right line, they evidently intersect 
each other, and form by their mutual divergence from that 
point, an opening which is called a trihedral angle. The 
point in which the diverging planes meet is the vertex of the 
trihedral angle formed; the planes forming this angle are 
its iides or faces; and the common sections of these faces are 
termed its edges. 




D 

A trihedral angle is expressed by four letters, of which the 
first is placed at its vertex, and the three other letters are in 
the directions or at the extremities of its edges ; as the tri- 
hedral angle ABC D, or A C D B, &c. 

In a trihedral angle, there are evidently three plane angles 
formed by the divergence of its edges, and also three dihedral 
angles formed by the mutual inclinations of its diverging 
planes or faces. These angles are subjected to the condi- 
tions enunciated in the following theorems. 

THEOREM XIII. 

26. In every trihedral angle^ any two plane angles are 
together greater than the third. 




A D 

In the trihedral angle ABCD, any two plane angles 
BAC, CAD are together greater than the third plane 
angle BAD. 
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If either of the angles BAG, CAD be eqaal toBAD or 
greater than it, the theorem is evident But if not, let the 
angle B A D be greater than either of the two angles BAG, 
CAD; and in the plane A B D, draw the right line A E, 
making the angle B AE equal to BAG. Draw also BD, 
meeting A E in E, and the edges A B, A D in B, D. Take 
A C equal to A E, and join B C, C D. Because the angles 
B A C, B A E are equal and have equal sides, B C is equal 
to BE (38, 1); and because the sides BC, CD of the tri- 
angle B C D, are together greater than B D (35, 1), the lines 
B E, C D are also greater than B D ; and taking away B E, 
there remains C D greater than D E. Wherefore the tri- 
angles A CD, AED have the angle GAD greater than 
E A D (cor. 43, 1) ; and adding the angle B A G or B A E, the 
two angles B A C, G A D are together greater than B A E, 
E A D, or greater than the whole angle BAD. 

THEOREM XIV. 

27. In every trihedral angle, the three plane angles are 
together leas than four right angles. 




In the trihedral angle A B C D, the three plade angles 
B A C, B A D, C A D are together less than four right angles. 

Let the faces of the trihedral angle A B C D be cut by a 
plane, and let B C D be the triangle formed by the lines of 
intersection. In the triangles A B C, A B D, A C D, at the 
vertex A, the nine plane angles are together equal to six right 
angles (33, 1) ; but in each of the trihedral angles formed at 
the points B, C, D, two of those plane angles are together 
greater than the corresponding angle of the triangle BCD 
(26) ; wherefore the six plane angles at the bases of the tri- 
angles A B C, A B D, A C D, having the common vertex A, 
are together greater than the angles of the triangle BCD, 
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which are equal to two right angles; and the remaining 
plane angles at this vertex are therefore less than four right 
angles. 

THEOREM XY. 

28. If two trihedral angles have the three plane angles 
of the one respectively equal to the three plane angles of the 
other, the dihedral angles formed by the corresponding faces 
of the trihedral angles are respectively equal. 





A D A' IK 

Let ABCD, A'B'C'D' be two trihedral angles, which 
have the plane angles BAG, BAD, CAD respectively 
equal to B' A' C; B' A' D', C A' D', and let C A B D, C A' B' D' 
be corresponding dihedral angles, of which the edges are 
A B, A' B' ; the dihedral angle C A B D is equal to C A' B' D'. 

Take the several edges AB, AC, &c. of the trihedral 
angles A B C D, A' B' C D', all equal to one another, and join 
B, C, &c.. forming the isosceles triangles ABC, A B D, 
A C D respectively equal to A' B' C, A' B' D', A' C D' (38, 1), 
and also the triangle BCD equal to B'C'D' (41, 1). In the 
edges AB, A'B' of the dihedral angles CAB D, C'A'B'D' 
take B E equal to B' £', and through the points £, E' let 
planes be drawn perpendicular to these edges and meeting 
B C, B'C and B D, B'D', produced if necessary in the cor- 
responding pcants F, F' and G, G'. Join E, F, G and also 
E', F', G'. The right angled triangles BEF, BFG are 
respectively equal to B'E'F, B'F'G' (39, 1), and therefore 
EF, EG are respectively equal to E'F', E'G'. But the 
angles FBG, F'B'G' of the triangles BC D, B'C'D' are 
equal, and have equal sides B F, B' F' and B G, B' G' ; where- 
fore F G is equal to F'G' (38, 1), and the triangles E F G, 
E' F' G' have the angle F E G equal to F' E' G' (41, 1). Now 
these equal angles measure the corresponding dihedral angles 
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CABD, C'A'B'D' (15); wherefore the dihedral angle 
C A B D is equal to the dihedral angle C A' B' D'. 

THEOREM XVI. 

29. If two trihedral angles have two plane angles, and 
the indMed dihedral angle of the one respectively equal 
to two similarly situated plane angles and the included 
dihedral angle of the other, these trihedral angles are in 
all respects equal. 

For the corresponding plane angles which contain the tri- 
hedral angles will evidently coincide, when the vertices and 
faces of the equal dihedral angles are respectively coincident, 
and the truth of the theorem is obvious. 

THEOREM XVII. 

30. Jf two trihedral angles he contained by plane angles 
which are respectively equal and similarly situated, these 
trihedral angles are in all respects equal. 





For the dihedral angles formed by equal and correspond- 
ing plane angles are respectively equal; and the trihedral 
angles will evidently coincide, when their vertices and two 
equal corresponding plane angles are coincident. 

Remark. Trihedral angles which are contained by equal 
plane angles dissimilarly situated, are evidently incapable 
of coincidence by superposition, although their dihedral 
angles formed by equal corresponding plane angles, are 
respectively equal (28). These trihedral angles, relatively 
to those above considered, may be termed reversed angles. 
Their equality appears to be independent of the situation of 
their corresponding faces ; it cannot be established by their 
coincidence, and must be regarded as a necessary conse- 
quence of the mutual equality of their constituent plane and 
dihedral angles. 
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Trihedral reversed angles were first noticed by Legendre, 
a mathematician of known distinction. In his geometry he 
calls them angles equal by symmetry, or simply symmetrical 
angles ; but the term reversed here adopted has been preferred 
as more definite, and as more expressive of the characteristic 
difference between these angles and those having their bound- 
ing planes similarly posited. (See Lacroix's Geometry.) 



$ 5. OF THE POSmONS OF SEVERAL DHTEReiNO PLA1IE8. 

31. When four or a greater number of planes diverge from 
a common point and successively intersect each other, they 
form an opening, which is called a polyhedral angle. The 
point from which the planes diverge is the vertex of the 
polyhedral angle formed ; the diverging planes are the 9%dt9 
or faces of this angle, and the common sections of these faces 
are its edges. 

B 




▲ E 

The polyhedral angle A B C D E F is contained by five 
planes or faces B A C, B A D, &c. diverging from the common 
vertex A, and forming by their successive intersections the 
edges A B, A C, &c. 

32. The several plane angles or faces which constitate the 
boundaries of a polyhedral angle, form by their inclinations 
a like number of dihedral angles. These plane and dihedral 
angles may be considered in the same manner as those 
forming the subject of the preceding section ; and by a like 
construction and mode of reasoning, the two following 
theorems may be easily demonstrated. 

THEOREM XVIII. 

33. 77ie plane angles which contain a polyhedral angle 
are together less than four right angles. 
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Remark. The polyhedral angles possessing the property 
here enunciated, are supposed to have all their dihedral 
angles salient, analogously to the plane angles noticed in 
article 72, Book I. (See the preceding figure.) 

THEOREM XIX. 

34. If two polyhedral angles be contained by the same 
number of equal plane angles j similarly situated^ andformr 
ing equal dihedral angles by their mutual inclinationSf 
these polyhedral angles are respectively equal. 





Remark. A polyhedral angle is evidently determined by 
its plane angles, and the corresponding dihedral angles less 
three. The preceding theorem may tlierefore be more gene- 
rally enunciated if considered necessary. 

Should the polyhedral angles have their corresponding 
faces dissimilarly situated, they may be denominated reversed 
angles, analagously to the trihedral angles defined in the 
preceding section. Their equality viewed independently 
of the situations of their faces must be granted for the reasons 
there assigned. 



^ CHAPTER II. 

OF PRISMS. 



35. When three or more planes join the corresponding 
sides of two equal, similar, and parallel figures, they enclose, 
in connexion with those figures, a portion of space and con- 
stitute a solid, which is characterized by the positions and 
forms of its different boundaries. 



in 



ELEMENTS OF OEOICKTRT* 



80. A prism is a plane solid of which two of the bounding 
surfaces are equal, similar, and parallel rectilinear figures, 
and the remaining boundaries are parallelograms. The equal 
and parallel rectilinear figures are the bases of the prism; 
the connecting parallelograms are its sides or fcuies^ and the 
intersections of consecutive faces are its principal edges. 
E ~ ~ 






A U A D E 

The solid ABC E is a prism; the triangles ABC, DBF 
are its bases ; the parallelograms A £, A F, B F ai^e the faces 
or sides of the prism, and the parallel righl lines lA D, BE, 
C F are the principal edges. ^ 

The solids BDFH, BEGLare also prisms ; the base 
of the first is the parallelogram A B C D ; that of the second, 
the polygon ABCDE. The faces of both these prisms 
being parallelograms, their corresponding edges A£, BF, 
Slc. are respectively parallel. 

37. A prism takes the following denominations, of which 
the first two relate to the positions of its sides, and the last 
three to the figure of its base : 

A right prism has its faces or sides respectively perpen- 
dicular to its base, asABCDorBDFH;an oblique prism 
has its faces oblique to its base ; as the prism B E G L. 

Corollary. The faces of a right prism are evidently rect- 
angles. 

38. A triangular prism has its base a triangle, as the 
solid AB C E ; a quadrilateral prism has its base a quadri- 
lateral, as BDFH; and a polygonal prism has its base a 
polygon, as B E G L. 

39. A quadrilateral or a polygonal prism may evidmitly 
be divided into triangular prisms, by diagonal planes, draws 
through one of the edges ; and conversely, two or more tri- 
angular prisms may compose a quadrilateral or polygonal 
prism. Triangular prisms may therefore be considered as 
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the component parts or elements of prisms viewed in general; 
and as such will be regarded as forming the leading objects 
of the present chapter. 



$ 1. OF THE SECTION OF A TBI ANGULAR PRISM BT A PLANE. 

THEOREM I. 

40. If a triangular prism be cut by a plane parallel to 
the base^ the section is a triangle equal in all respects to the 
base. 




c 

Let ABCDEFbea triangular prism, and 6 H K a sec- 
tion parallel to its base ; 6 H K is equal and similar to the 
base ABC. 

Because the plane A E cuts the two parallel planes A B C» 
6 H K, the intersection G H is parallel to A B. But the 
edge A D is parallel to B E ; wherefore A B G H is a paral- 
lelogram, and GH is equal to AB. For a like reason, 
G K, H K are respectively equal and parallel to A C, B C ; 
and the section G H K is therefore equal in all respects to 
ABC (41,1). 



$ 2. OF THE SmES AND ANGLES OF TWO TRIANGULAR PRISMS. 

THEOREM n. 

41. If two triangular prisms have two planes^ and the 
included angle of the one respectively equal to two similar 
and similarly situated planes and the included angle of the 
othcTf the remaining planes and angles are respectively 
equal. 

For the prisms will evidently coincide, when the equal 

M 
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dihedral angles and their diverging similar planes are re- 
spectively coincident. 

THEOREM III. 

42. If two triangular prisms have three planes contain- 
ing an angle of the one respectively equal and similar to 
three similarly situated planes of the other, the remaining 
planes and angles are respectively equal. 

For the dihedral angles formed by the corresponding 
planes are equal (28) ; and the prisms will become identical 
by superposition. 

THEOREM IV. 

43. If two triangular prisms have three planes containing 
an angle of the one, respectively similar to three similarly 
situated planes containing an angle of the other, the remain- 
ing planes are respectively similar, and their included angles 
respectively egti^al. 

E 

E 




H c 




Let ABCE, A'B'C'E' be two prisms in which the 
planes AB C, A£, A F are respectively similar to A'B'C, 
A' E', A' F', the remaining planes are respectively similar, 
and their included angles respectively equal. 

Take AG, AH, A K equal to A'B', A'C, A'D', and 
complete the prism A 6 H K L M, which is equal to 
A'B'C'E' (41). The three planes ABC, AE, AF are 
therefore similar to A G H, A L, AM, and there results 
AB: AG:: BC: GH ::BE : GL; whence BC : BE :: 
G H : G L. But the planes B F, G M being respectively 
parallel, the angle C B E is equal to H G L (22), and it has 
been proved that the edges containing these angles are propor- 
tional ; wherefore the parallelogram or face B F is similar to 
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G M, or to the face B'F'. Now the three plane angles at 
B are respectively equal to the plane angles at G ; wherefore 
the trihedral angle B A D F is equal to G A K M or the tri- 
hedral angle B'A'D'F' (30). 

44. Two triangular prisms are said to be stmilar, when 
their bounding planes containing equal trihedral angles are 
respecti?ely similar. 

Corottary. The preceding theorem by virtue of this defi- 
nition may be thus enunciated : Two triangular prisms are 
nmilar^ when their bounding planes containing equal tri» 
hedral angles are respectively similar. 

45. The altitude of a prism is a perpendicular drawn from 
one of its bases to the other base. 

Corollary. The altitudes of two similar triangular prisms 
are proportional to any two corresponding principal edges. 
For the upper bases of the prisms being applied to each other, 
their lower bases will be parallel, and the perpendiculars and 
edges between these bases will evidently be proportional. 



$ 3. OF THE AREAS OF TRIANOULAE PRISMS. 

THEOREM V. 

46. 7%e bases of similar triangular prisms are propor- 

Hanoi to the squares of any two corresponding edges^ or to 

the squares of the altitudes. 

. E 
D 





A HC A' C 

Let ABCE, A'B'C'E' be two similar prisms of which 
AD, A'D' are corresponding edges; ABC : A'B'C :: 
AD«: A'D'«. 

Take AG, AH, A K respectively equal to A'B', A'C, 
A'D', and complete the prism A G H K L M, which is equal 
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to A' B' C (41). The faces A E, A L being similar, A B : A G :: 
AD : AK, and therefore A B' : A G> :: A D* : A K' (the. 7). 
Bat the triangles A B C, A G H being also similary ABC: 
A G H :: A B« : A G« (70, 1) ; wherefore by equality of ratios, 
ABC : AGH: AD>: AK""; and since AGH is equal to 
A' B' C, and AK equal to A' D', there results A B C : A' B' G' :: 
AD»:A'D'». 

Ab to the altitudes of the prisms, they are proportional to 
the edges A D, A' D' (cor. 45) ; and their squares are there- 
fore proportional to the bases A B C, A' B' C'. 

Remark. The proportion of the bases of the prisms ii 
applicable to any other two corresponding boundaries, so 
that the areas of all these boundaries in eaeh prism, are re- 
spectively .proportional to the squares of two corresponding 
edges, or to the squares of the altitudes. 



$ 4. OF THE EQUALITir OF TRIANGULAR PRISMS. 

47. The conditions enunciated in articles 41, 42, evidently 
involve the equality of the spaces occupied by triangular 
prisms as well as that of their angles and bounding planes* 
But these conditions are not necessary when the equality of 
prisms is considered only as respects the spaces contained 
by their boundaries ; for this equality may evidently rabeiet 
independently of the mutual coincidence of the planee and 
angles of the prisms. 

THEOREM VI. 

48. Two triangular reversed prisms, which have equal 
bounding planes and plane angles^ are respeetivdy equal. 




AD A' D' cf a 

Let AB C F, A'B'C'P be reversed prisms, in which. the 
corresponding edges C F, C' F' are on opposite sides of the 
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eqnal faces ABE D, A'B'E'D', and of which the eorres- 
ponding planea and plane anglea are equal ; the priam A B C F 
it equal to the priam A' B' C P. 

Produce the edges aad faces of A'B'C'F'; take ad eqnal 
to AD; and tnakii^ the angleaiadtC a if respectively equal 
10 BAD, CAD, complete the prism a &c/. Becaase the 
plane angles at A and A' are reapeclivety equal, the dihedral 
mgle formed by the planes C D, B D ia equal to the dihedral 
ingle formod by C D', B' D' ; and because these correspond- 
ing planes are also eqnal, and the last two equal to a/, a e, 
be prism a e is equal to A E. But the solid A' B' C'/ is 
equal to D' E' F' c, since their planes are similarly situated, 
and their angles respectively equal ; wherefore the prism 
ubcf, or the remaining part of the solid A' C'B'c is equal to 
the remaining prinn A' B' C F'. Now the prism abcf u 
eqntl to A B G F ; wherefore the prism A B C F b equal to 
ttwpriam A-E'CF*. 

THEOBEM Til. 

49. 7\do triangular prUmt which have a common face, 
and -tqual contiguous bases in the tame rigitt line, are re- 
iptetivdy equal. 




Let ABCE, CBC'E be triangular prisms having the 
common face B C E F, and the eqaal baaea A B C, C B C in 
the same right line AC; the prism ABCE is eqnal to 
the priem CBC'E. 

In the plane ABC produced, draw A B' parallel and eqnal 
to B ; join B' C by a right line meeting A B in O ; and 
let A B' C E', A B' G E' be triangular prisms on the bases 
A B'C, A B'G, and Uierefore G B C E a triangular prism on 
the base G B 0. Because the baae A B'C and faces A E', A F 
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anrwpeeUTelyequal tothebsMCB C and faces CE, GF', 
the priain A B'C E' u equal to G B C'E ; and becauBa the 
base AB'G and faces AE', AH are respectively eqa at to ihe 
b«H BGG or EFH and the facetEC, EO, the prism 
AB'OE' ia equal to the reversed prismGBCE. To each 
of these prisnii add the adjacent prism A G C H, and the 
whole prism A B'C E' ia equal to AB G £. But it has been 
proved that the prism A B'C E' is equal to the prism 
C B C'E ; wherefore the prism A B C E is equal to G B C'E. 




Corollary. A plane passing through any principal edge 
of a prism and bisecting the base, divides the prism into 
two equal parts. 

THBOREH VIII. 

60. 7Vo Irumgular prisms, which have a common prin- 
cipal edge and equal bases in the tame riglu line, are re- 
tpeetivdy equal. 




Let ABCE, A'BC'E be triangular prisms having the 
common edge B E, and the equal bases ABC, A'B C in the 
samerightline A A'i the prism ABCE isequal to A'BC'E. 

In C C let C 6 he equal to C'G ; through G draw G H 
parallel to B E, and join B G, B H. Because A C is equal 
to A'C and C G equal to C'G, the remainders A G, A'G are 
equal, and the triangles or bases A B Q, G B C are respect- 
ively equal to the bases A'B G, G B 0'. But the prisms on 
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these bases have the common face B G £ H ; wherefore the 
prism A B 6 £ is equal to A'B 6 £, and the prism G B C £ 
is equal to GBC'£ (49). Add these prisms together, and 
the whole prism AB C £ is equal to the corresponding prism 
A'B C'£. In like manner may the equality of A B C £ and 
k'B C'£ be proved, should the faces B £ C F, B £ CT' be 
interchanged, by merely reading wholes for remainders and 
the contrary. ■ 

THEOREM IX. 

51. 7\oo triangular prisma which have a common face^ 
and the principal edges opposite to this face in a plane 
parallel to it^ are respectively equal. 




Let A B C £, A B'C £' be triangular prisms having the 
common face A C D F, and the edges B £, B'£' in a plane 
parallel to this face ; the prism A B C £ is equal to A B'C £'. 

If the bases A B 0, A B'C be in the same plane, they are 
equal ; and the prism A B C £ may evidently be applied to 
A B'C £', so that the edges may be coincident, and the equal 
bases in the same right line ; in which case the prisms are 
equal (50). But if the bases A B C, A B'C be in different 
planes, produce either of them as A B'C and the correspond- 
ing base D £'F, until they meet the edge B £ produced, in 
the points G, H. Join A G, G C and also D H, H F. The 
prism A G H is, conformably to the preceding case, equal 
to A B'C £' ; and the small solid A B C G is evidently equal 
in all respects to D £ F H ; wherefore the prism A G C H is 
equal to ABCE. But the prism AGCH is equal to 
AB'C£'; wherefore the prism ABC£ is also equal to 
AB'C£'. 
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THEOREM X. 



52. Two triangular prisms on the same base and between 
the same parallel planes are respectively equal. 

H 




A c 

Let ABCE, ABCH be triangular prisms on the same 
base ABC, and having their upper bases D E F, 6 H K in 
the same plane parallel to A B C ; the prism A B C E is equal 
to ABCH. 

Complete the parallelograms A B A'C, D E DT, and join 
C D, C G and A'E, A'H. Because the triangle C D A is 
equal to A'E B, or to the dissimilarly posited triangle E A'D', 
and the faces C B, D B are respectirely equal to the faces 
E F, A'F, the triangular prisms C D A E, E A'D'C are re- 
versed and equal to each other (48). For the same reason, 
the reversed prisms ABCE, D'F E C are also equal. But 
the first two of these equal prisms compose the solid 
AA'DD' and the last two also compose the same solid; 
wherefore these prisms are respectively equal, and accord- 
ingly the prism ABCE is equal to C D A E. In like 
manner it may be proved that the prism A B C H is equal to 
A G C H, which is equal to the prism C D A E, having the 
common face A B A'C parallel to the edges D E, G H, accord- 
ing to theorem ix. ; wherefore the prism A B C E is equal to 
the prism ABCH. 

Corollary, A triangular oblique prism is equal to a tri- 
angular right prism on the same base and between the same 
parallel planes, or having the same altitude. 

THEOREM XI. 

53. 7\vo triangular right prisms having equal bases 
and altitudes are respectively equal. 
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Let A B C £, A'B'C £' be triangular right prisms having 
the equal bases ABC, A'B'C, and the same altitude ; the 
prism A B C E is equal to A'B'G £'. 
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Place the prisms so that their faces AF, AT may form 
the parallelogram AD'; let the edges B E, B'E' be on oppo- 
site sides of A D\ and join A B', D E'. The angles A C B, 
A'G B' may be equal or unequal. In the first case, BOB' 
is a right line, and the bases ABC, A'B'C being equal, the 
triangle A B B' is equal to A A'B', and a right line joining 
BA' is parallel to AB'. The triangular prisms ABB'E, 
A A'B'E', having a common face AE' parallel to the plane 
of the edges B E, B'E', are therefore equal (48), and taking 
from each the common prism ACBT, there remains the 
prism A B C E equal to A'B'C £'. In the case in which the 
angles A C B, A'C B' are unequal, a triangle may be formed 
on A C, so that one of its sides may be in the same right line 
with C B', and its vertex in a right line drawn through B 
parallel to A C. This triangle will be equal to AB C ; and 
the corresponding prism having the (ace A F will be equal to 
AB C E (48), and also equal, by the first case, to the prism 
A'B'C £'; wherefore the prism A B C E is equal to A'B'C E'. 

Corollary, A triangular obUque prism is equal to a tri- 
angular right prism having an equal base and the same alti- 
tude (cor. 52) ; and triangular prisme having equal bases and 
altitudes are respectively equal. 



$5. OF THE PROPOBTION OF THE VOLUMES OF TRIANGULAR PRISMS. 

% 

54. The possibility of dividing triangular prisms into 
equal parts follows from the preceding theorems and from 
those respecting the equality of triangles. These solids may 
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therefore be referred to measuring units, and their relations 
may be comprehended in the doctrine of algebraical pro- 
portion. 
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Of the preceding prisms A B C E, A'B G'E, the first con- 
tains three equal parts, and the second two. The ratio of 
these prisms is therefore as 3 : 2 ; whence the proportion 
A B C E : A'B C'E :: 3 : 2, in which the word prism is under- 
stood before A B C E and A'B C'E. 

55. The volume of a prism is the number of times it con- 
tains a particular unit. The volume of the prism A B C E 
is 3, that of A'B C'E is 2 ; and the ratio of these volumes is 
the same as the ratio of the corresponding prisms. 



THEOREM XII. 



56. Two triangular prisms which have equal altitudes 
are proportional to the areas of their bases, 
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Let ABCE, 6HKM be tnangular prisms which have 
equal altitudes BE, HM; the prism ABCE: 6HKM :: 
the area of A B C : the area of G H K. 

For if the base ABC contains four units of which 6 H K 
contains three, so that AB C : G H K :: 4 : 3, and if planes 
be drawn through the several lines of division and the corres 
ponding edges B E, H M, the prism ABCE will be divided 
into four equal parts, and the prism G H K M into three ; 
wherefore AB C E : G H K M :: 4 : 3. But ABC : GH K :: 
4:3; therefore ABCE:GHKM:ABC:GHK. 
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THEOREM XIIL 



57. 7\oo triangular prisms are proportional to the pro- 
ducts of their bases and altitudes. 





Let A B C E, A'B'C'E' be two triangular prisms, of which 
AD, A'D'are the altitudes; ABC D : A'B'C'D':: AD.A B C : 
A'D'.A'B'C. 

For if AD contains four units and A'D' three, so that 
AD : A'D' :: 4 : 3; and if through the corresponding points 
of division, planes be drawn parallel to the bases ABC, 
A'B'C, the sections formed will be respectively equal to 
these bases (40) ; and the prism A B C E will be divided 
into four equal parts, and A'B'C'E' into three. Let A B C H 
be one of the equal parts of the prism A B C E, and A'B'C 'H' 
a corresponding part of the prism A'B'C'E'. The altitudes 
A G, A'G' of these parts being equal, A B C H : A'B'C'H' :: 
ABC : A'B'C (56), which multiplied by the proportion 4 : 3 :: 
AD : A'D' above given, there results 4 AB C D : 3 A'B'C'D' :: 
AD.ABC : A:D'. A'B'C (th. 7). But the prism ABCE 
is equal to foOr times the prism ABCH, and the prism 
A'B'C'E' is three times A'B'C'H'; wherefore ABCE : 
A'B'C'E' :: AD.AB C : A'D'.A'B'C. 



THEOREM XIV. 

58. 7\vo similar triangular prisms are proportional to 
the cubes of their corresponding edges. 




A O 




A' G' C 

Let ABCE, A'B'C'E' be similar triangular prisms, of 
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which A D, A'D' are corresponding edges, and D G, D'6' 
the altitudes ; A B C E : A'B'C'E' :: AD« :,A'D". 





Because similar prisms have their bases proportional to 
the squares of their corresponding edges (46), ABC: A'B'C: 
A D' : A'D", which multiplied by the proportion D O : D'G' : 
AD : A'D' (cor. 45), gives ABC.D G : A'B'C'.D'G' :: AD« 
A'D'». But ABC E : A'B'C'E' :: ABC.DG : A'B'CD'G' 
(67) ; wherefore A B G E : A'B'C'E' :: A D» : A'D". 

Corollary. Two similar triangular prisms are proportional 
to the cubes of the perimeters of their bases, or of any two 
corresponding boundaries, analogously to cor. 70, Book I. 



$ 6. or QUADRILATERAL PRISMS. 

59. The several properties of quadrilateral prisms consi- 
dered in this section are presented in a manner analogous to 
the properties of quadrilaterals treated in Chap. III. Book I. 
The particular solids to which they correspond are the follow- 
ing, the names of which refer to the positions and forms of 
their bounding surfaces : 






60. kparallelopiped is a quadrilateral prism, of which the 
base is a parallelogram ; as A B C D. 

The opposite-faces of a parallelopiped are evidently equal 
and parallel, and a diagonal plane divides it into two equal 
reversed prisms. 
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Remark. This solid defined with relation to the figure of 
its base maj be termed a rhomboidcd or a rhombic prism, 
according as this base is a rhomboid or a rhombus (77, 78, 1). 

61. A rectangular parallelopiped has every two of its 
adjacent planes perpendicular to each other ; as £ F 6 H. 

The bases of a rectangular parallelopiped are squares or 
rectangles, and its faces are rectangles. 

Remark, This solid defined with respect to the figure of 
its bases, and the positions of its sides, may be termed a 
right square prism or a rigJit rectangular prism, according 
as these bases are squares or rectangles. 

62. A cube is a parallelopiped of which the bounding planes 
are all equal squares ; as K L M N. 

The angles of a cube are right angles, and this solid 
may be termed a regular hexahedron, 

THEOREM XV, 

63. 7\do quadrilateral prisma which are composed of 
triangular prisms having equal angles and faces similarly 
aituatedj have their angles and faces respectively equal. 

For the dihedral angles of the quadrilateral prisms are 
composed of equal dihedral angles contained by equal faces, 
and the solids evidently become identical when one is applied 
to the other. See article 82, Book I. 

THEOREM XVI. 

• 

64. 7\oo quadrilateral prisms which are composed of 
Hmilar triangular prisms similarly situated, are equi' 
angular, and have their homologous edges proportional. 





For the bases of the quadrilateral prisms being composed 
of similar triangles are equiangular (83, 1), and these bases 

N 
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being therefore similaT, and siao the faces of the priems at 
Gorreapondiog edges, the plane and trihedral angles are re- 
■pectively equal, and the homologous edges are propor- 
tioDtl (43). 



6S. TkeiquarMoftkefourdiagonaliofaparaUdojnptd 
are together egtiaJ to the squares of the twelve edgee. 




For the squares of two diagooals of the parallelepiped in 
the same diagonal plane, are together equal to the squares of 
two principal edges and two diagonals of the bases (82, 1); 
wherefore the squares of the four diagonals of the parallel- 
opiped are together equal to the squares of the four priaeipal 
edges and the four diagonals of the bases. But the squaies 
of these latter diagonals are together equal to the squares of 
the eight corresponding edges of the bases; wherefore the 
squares of the four diagonals of the parallelopiped are toge- 
ther equal to the squares of its twelve edges. 

TEEOREii xnii. 

66. Tu>o paraUdopipetU which haoe equal bases and alti- 
tudei are respectively equal. 

For diagonal planes divide the parallelopipeds into ^• 
angular prisms which have equal bases and altitudes, and 
which are respectively equal (cor. 53). The parallelopipeds 
being composed of these equal triangular prisms are there- 
fore respectively equal. 

Corollary. A parallelopiped is equal to a rectangular 
parallelopiped having the same base and the same altitude; 
and a parallelopiped or a rectangular parallelopiped is equal to 
twice a triangular prism on half the base and between the 
same panllel planes. 
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THEOREM XIX. 

67. T%e square on catty of the diagonals of a rectangular 
parallelopiped is equal to the three squares on the adjacent 
edges. 




A D 

Let A C E G be a rectangular parallelopiped, of which A G 
is a diagonal ; the square on A G is equal to the three squares 
on the adjacent edges A B, A D, A E. 

Draw the diagonal A C of the base A B C D. Because 
C G is perpendicular to the base of the solid, A C G is a 
right angled triangle, and therefore the square on AG is 
equal to the two squares on A C, C G (87, 1) ; and because 
AB G is also a right angled triangle, the square on AC is 
equal to the two squares on A B, B ; wherefore the square 
on A G is equal to the squares on A B, B C, C G. But 
B C, C G are respectively equal to A D, A E ; wherefore the 
square on the diagonal A G is equal to the squares on the 
adjacent edges AB, AD, AE. 

THEOREM XX. 

68. Two similar quadrilateral prisms are proportional to 
the cubes of their homologous edges. 

For these solids are proportional to their similar compo- 
nent triangular prisms, formed by corresponding diagonal 
planes, and are therefore proportional to the cubes of their 
homologous edges (58). 

Corollary. Two similar quadrilateral prisms are propor- 
tional to the cubes of the perimeters of their several bounding 
planes; for these perimeters are evidently proportional to 
any two of the corresponding edges of which they are 
composed. 
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THEOREM XXI. ■ 

69. 7\eo rectangular parallelopipedt are proportional to 
thtproducti of their ba»et and altitudet. 

For diagonal planea divide those solidB into triangnlar 
priatna which are respectively proportional to the products 
of their corresponding basea and altitudes (67). The rect- 
angular parallelnpipeds composed of these triangular prisma 
are therefore proportional to like products of their baseB sjid 
. altitudes. 

Remark. By victue of this theorem, the contents or volumes 
of quadrilateral prisms may be determined conformably to 
the established mode of measuring solids. Asaume for the 
unit of volumes, a cube of which the side of the base is the 
linear unit of length, and therefore the area of the base, the 
corresponding unit of surfaces. The volume of this cube 
being 1, and the product of its altitude and the area of its 
base being also 1, the corresponding volume of a rectangular 
parallelopiped in terms of cubic units may be determined by 
the product of the numbers which express its base and alti^ 
lude, and may be represented by this product. 





Thus the volume of the rectangnlar paraUelopiped A.B C D, 
of which the base A B contains 6 square units, and the alti* 
tude A C contains two linear units, may be represented by 
the product 6.2=12, which evidently expressea the number 
of cubic units contained in the solid A B C D. 

In likemanner, the volume of the cnhe E F G H, relatively 
10 the assumed unit, becomes 4.3 or 3'a8; and this solid 
may therefore be represented by the third power or cube of 
the side of its base E P. 

The volume of a triangular prism immediately results from 
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that of the corresponding rectangular parallelopiped between 
the sahie parallel planes. It is evidently equal to the pro- 
duct of the altitude of the prism and the area of its base ; and 
by composition, the volumes of quadrilateral prisms may be 
expressed in terms of cubic units by the products of their 
altitudes and the areas of their bases. 



$ 7. OF P0L700NAL PRISMS. 

70. The particular forms of polygonal prisms are distin- 
guished by denominations relative to their bases, and the 
general properties of these solids may be presented in a 
manner analogous to the properties of polygons considered 
in Chap. IV., Book I. 

THEOREM XXII. 

71. Two polygonal prisma which are composed of the 
same number of triangular prismsj having equal angles 
and planes similarly situated, have their angles and bound' 
ing planes respectively equal. 

For the corresponding dihedral angles of the polygonal 
prisms are composed of equal dihedral angles having equal 
and similar faces, and these solids become identical when 
their equal and similar bases are coincident. See article 96, 
Book I. 

THEOREM XXIII. 

72. Two polygonal prisms which are composed of similar 
triangular prisms similarly situated, are respectively equi' 
angular, and have their homologous edges proportional. 

The demonstration of this theorem is similar to that of (64), 
which may be easily extended to any number of faces, by 
comparing in succession the corresponding triangular prisms 
which compose the polygonal prisms. 

THEOREM XXIV. 

73. 7\do similar polygonal prisms are proportional to 
the cubes of their homologous edges. 

n2 
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For their component similar triangular prisms are propor- 
tional to the cubes of the homologous edges, which form the 
corresponding boundaries of the bases and sides of the poly- 
gonal prisms. 

THEOREM ZXV. 

74. The volume of a polygonal prinnj referrtd to cubic 
units, is equal to the product of its altitude and the area 
of its base. 

For the volumes of its component triangular prisms are 
respectively equal to the product of its altitude and the areas 
of their bases, which together compose the base of tl ^y- 
gonal prism. 



CHAPTER ra. 

or PTRAMIDS. 



75. When three or more planes meeting in a point, join 
the sides of a rectilinear figure, they enclose, in connexion 
with this figure, a portion of space, and constitute a solid, 
which is characterized by the positions and forms of its 
difierent boundaries. 

76. A pyramid is a plane solid, of which one of the 
bounding surfaces is a rectilinear figure, and the remaining 
boundaries are triangles meeting in a common point. The 
rectilinear figure is the base of the pyramid ; the common 
point is its vertex; the connecting triangles are its sides or 
faces; and the intersections of consecutive faces are its 
vrincipal edges. 






A CAD E 

The solid AB C D is a pyramid ; the triangle A B C is its 
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base; the point D its vertex; the triangles ADB, ADO, 
BDC are the faces of the pyramid, and the right lines 
ADy B Dy C D are the corresponding principal edges. 

The solids B D E, B E F are also pyramids ; the base of 
the first is the parallelogram A B C D ; that of the second, 
the polygon ABODE. 

77. A pyramid takes the following denominations relative 
to the figure of its base : 

A triangular pyramid has its base a triangle ; as the solid 
ABOD: this pyramid is frequently called a tetrahedron; 
a quadrilaieral pyramid has its base a quadrilateral, as 
B D E ; and 9^ polygonal pyramid has its base a polygon, as 
the solid BE F. 

t 78. A quadrilateral or a polygonal pyramid may evidently 
be divided into triangular pyramids by diagonal planes drawn 
through one of its edges ; and conversely, two or more tri- 
angular pyramids may compose a quadrilateral or a polygonal 
pyramid. Triangular pyramids may therefore be considered 
as the component parts or elements of prisms viewed in 
general, and as such will form the leading objects of the 
present chapter. 



S 1. or THB SBOnONS OF TRIANGULAR PYRABOOS BT PLAIOBS. 

THEOREM I. 

79. If a triangtdar pyramid be cut by a plane parotid to 
its basCf the section is a figure similar to the base. 

D 




A O 

Let A B O D be a triangular pyramid, and E F G a section 
parallel to the base ABO; this section is similar to A B 0. 

Because the parallel planes E F 6, ABO intersect the 
feuses B A D, A D and the edge A D of the dihedral angle 



153 ELEMEBTTS «F OEOMETRT. 

BADC, the angle FE6 is equal to BAG (22); andfora 
like reason, the angle £ 6 F is equal to A C B ; wherefore the 
triangles £ F G, A B C are equiangular and similar (31, 50, 1). 

THEOREM II. 

80. If two triangular pyramids on equal bases and be- 
tween the same parallel planes^ be cut by a plane parallel to 
the base, the sections are respectively equal. 

D D' 





AG A' c 

Let ABCD, A'B'C'D' be triangular pyramids on equal 
bases and between the same parallel planes; the sections 
E F G, ET'G' in a plane parallel to these bases, are respect- 
ively equal. 

Because the triangles A B G, E F G are by the preceding 
theorem similar, ABG:EFG::AB»:EF» (70, I) ; and 
because A B, E F are parallel, they are also proportional to 
A D, E D ; wherefore A B C : E F G :: A D» : £D», and for 
alike reason A'B'C' : ET'G :: A'D'» : E'D'*. But the edges 
AD, A'D' being cut proportionally, A D : A'D' :: E D : E'D' 
(24); wherefore by equality of ratios, ABG : A'B'C':: 
E F G : E'F'G', and since A B C is equal to A'B'C', it follows 
that E F G is equal to E'PG'. 

Remark. The last proportion is independent of the equality 
of the bases ABG, A'B'C', and will therefore apply to any 
two triangular pyramids between the same parallel planes. 



§ 2. OF TRIANGULAR PRISMS DESCRIBED IN AND ABOUT PYRABnDS. 

81. When the upper base of a prism is a section of a 
pyramid parallel to its base, and one of the principal edges 
of the prism forms a part of a principal edge of the pyramid, 
the prism is said to be inscribed in the pyramid; and when 
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the lower bue of a prism is the bate of & pyramid or a sec- 
tioD parallel to this base, and one of the principal edges of 
the priam forms a part of a priacipal edge of the pyramid, 
iieprufn u said to be detcribed about the pyramid. 




Of the preceding eolids, AB'C'F is a triangular prism 
inscribed in the triangular pyramid A B C D, and A B C F' is 
a triangular pnam deacribed about, or circumachbing, the 
■ame pyramid. 

THEOREM III. 

82. If a tenet of triangular pritnu of the tame altitude 
bt intcribed in a triangular pyramid, and a corraponding 
nriet be described about thepyramid, the difference oflkete 
itriet ia equal to the loweit circumscribed pritm on the bate 
of thepyramid. 




For the npper base E F G of any inactibed prism is the 
lower base of a circumscribing prism of equal altitude ; and 
each inscribed prism taken in order from the base of the 
pyramid to its vertex, is therefore equal to the circumscribed 
prism immediately above it (cor. 63). But the number of 
inscribed prisms is equal to thatof the circumscribed prisms. 
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with the exception of the prism on the base of the pyramid; 
wherefore the difference between the series of inscribed and 
circumscribed prisms is equal to the lowest circumscribed 
prism on the base of the p3nramid. 

Corollary. The difference between the series of inscribed 
prisms and the pyramid is evidently less than the lowest cir- 
cumscribed prism ; and this series will continually approach 
the pyramid by continually diminishing their equal assumed 
altitudes. 

THEOREM lY. 

83. If two series of triangular prisma of the same alH' 
tude be inscribed in triangular pyramids on equal bases and 
between the same parallel planes^ the several corresponding 
prisms in these series are respectively equal. 





A A' c 

For the upper bases E F G, E'F'G' of any two corres- 
ponding inscribed prisms are equal sections of the pyramids 
A B C D, A'B'C'D' (80), and these prisms are equal, since 
they have equal bases and altitudes (cor. 53) ; wherefore the 
several corresponding prisms which constitute the series 
inscribed in the pyramids ABC D, A'B'C'D'. are respect- 
ively equal. 



$ 3. or THB smES and angles or two triangular pyraboos. 

THEOREM V. 

' 84. If two triangular pyramids have two planes and the 
included angle of the one respectively equal to two similar 
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wfkd HnUlarly situated planes and the included angle of the 
other ^ the remaining planes and angles are respectively equal. 
For the pyramids will evidently coincide, when the equal 
dihedral angles and the diverging similar planes are respect- 
ively coincident. 

THEOREM VI. 

85. If two triangular pyramids have three planes contain- 
ing an angle of the one, respectively equal and similar to 
three similarly sittcated planes in the other , the remaining 
planes and also the angles are respectively equal. 

For the dihedral angles formed by the corresponding planes 
are equal (28), and the pyramids will become identical when 
either is applied to the other. 

THEOREM VII. 

86. If two triangular pyramids have three planes contain' 
ing an angle of the one, respectively similar to three simi" 
larly situated planes containing an angle of the other, the 
remaining planes are similar, and the angles are respect' 
ively equal. 





Let A B C D, A'B'C'D' be triangular pyramids, in which 
the planes A B C, A D C, B D G are respectively similar to 
A'B'C, A'D'C, B'D'C; the remaining planes are similar, 
and the angles are respectively equal. 

Take A E, A F, A G equal to A'B', A'G', A'D', and com- 
plete the pyramid A E FG, which is equal to A'B'C'D' (85). 
The three planes AB G, AB D, A G D are therefore similar 
toAEF, AEG, AFG, and there results AB : AE :: 
BC:EF::BD:EG; whence BC:BD :: EF:EG. 
But the planes B C D, E F G being respectively parallel, the 
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angle C B D is equal to F £ G (22), and it has been proyed 
that the edges contaming these angles are proportional, where- 
fore the triangle or face G B D is similar to F £ G or to G'B'D'. 
Now the three plane angles at B are respectively equal to 
the plane angles at £ ; wherefore the trihedral angle B i G D 
is equal to £ A F G or B'A'C'D' (30). 

87. Two triangular pyramids are said to be similar^ when 
their bounding planes containing equal trihedral angles, are 
respectively similar. 

Corollary. The preceding theorem, by virtue of this defi- 
nition, may be thus enunciated : Two triangular pyramids 
are similar, when their bounding planes containing equal 
trihedral angles, are respectively similar. 

88. The altitude of a pyramid is a perpendicular drawn 
from its vertex to the base. 

Corollary. The altitudes of two similar triangular pyramids 
are proportional to any two corresponding principal edges. 
For the vertices of the pyramids being applied to each other 
and also any two corresponding planes, the bases will be 
parallel, and the perpendiculars and edges between these 
bases will be evidently proportional. 



$4. or THE AREAS OF TRIANOULAB PYRAMIDS. 
THEOREM VIII. 

89. 7%e bases of similar triangular pyramids are propor- 
tional to the squares of any two corresponding edges^ or to 
the squares of the altitudes. 

D 





A PC A' c 

Let A B G D, A'B'G'D' be similar triangular pyramids, of 
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which A D, A'D' are corresponding edges, ABC: A'B'C :: 
A D* : A'D'». 

Take A E, A F, A G respectively equal to A'B', A'C, A'D', 
and complete the pyramid AEFG, which is equal to 
A'B'C'D' (85). The faces A D B, AGE being similar, 
A B, AE are proportional to A D, A G, and therefore A B' : 
A E» :: A D» : A G« (th. 7). But the triangles A B C, A E F 
being also similar, ABC : AEF :: AB»: AE«(70, 1); 
wherefore by equality of ratios, ABC:AEF::AD*:AG'; 
and since AE F is equal to A'B'C and A G equal to A'D', 
there results ABC: ABC' :: A D« : A'D'». 

As to the altitudes of the pyramids, they are proportional 
to the principal edges AD, A'D'; and their squares are 
therefore proportional to the bases A B C, A'B'C. 

Remark. The proportion of the bases is applicable to 'any 
two corresponding sides of the pyramid, so that the areas of 
all the boundaries in each pyramid are respectively propor- 
tional to the squares of two corresponding edges, or to the 
squares of the altitudes. 



$ 5. OF T£U: EQUALITY OF TRIANGULAR PYRAMIDS. 

90. The conditions enunciated in Theorems v. vi., evi- 
dently involve the equality of the spaces occupied by tri- 
angular pyramids, as well as that of their angles and bounding 
planes. But these conditions are not necessary when the 
equality of pyramids is considered only as respects the spaces 
contained by their boundaries ; for this equality may subsist 
independently of the mutual coincidence of the several planes 
and angles of the pyramids. 

THEOREM IX. 

91. Two triangular pyramids which have equal bases 
and altitudes^ are respectively equal. 

Let ABCD, A'B'C'D' be triangular pyramids, which 
have equal bases ABC, A'B'C, and equal altitudes termi- 

O 
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nating in the vertices D, D'; the pyramid A B C D is equal 
to the pyramid A'B'C'D<. 





A C A' C 

For if two series of triangular prisms of the same alti- 
tude be inscribed in the pyramids ABC D, A'B'C'D', they 
will be respectively equal (83), whatever be the number of 
their component prisms, and however near they approach 
the 'pyramids ABCD, A'B'C'D', which form their limits 
(cor. 82), and between which there must subsist a correspond- 
ing equality. Wherefore the pyramid A B C D is equal to 
the pyramid A'B'C'D'. 

THEOREM X. 

92. Every triangular pyramid is equal to the third part 
of a prisnij having the same base and altitude. 




A c 

Let A B C D be a triangular pyramid, and A B C E a cor- 
responding prism having the same base and altitude; the 
pyramid A B C D is equal to a third part of the prism A B C E. 

Join the vertex of the base ABC and the point F. Be- 
cause the upper base D E F of the prism is parallel and equal 
to ABC, the pyramid DEFB is equal to ABCD (91); 
and because the triangle C D F is equal to C D A, the pyra- 
midCDFB is equal to CDAB. But the pyramid CDAB 
is the same as the pyramid ABCD; wherefore the pyramid 



BLSKENTB OP OKOltBTRY. 189 

CDFBis equal to ABCD.and ihe three pyramids ABOD, 
DEFB, CDFBare respectively equal. Now these pyra- 
mids evidently compose the prism A B C E ; wherefore any 
one of them, as A B C D, is equal to a third part of the prism 
ABCE. 

93. The fnutum of a pyramid is the lower part of this 
solid, cat by a plane parallel to the base. 

THEOREM XI, 

94. THefruittan of a triangular pyramid U equal to three 
trianguiar pyramids, of which the altitude i» the tame at 
that of the frwtwn, and the baie» are the upper and lower 
bases of this solid, and a mean proportional between these 

. bases. 




Let ABCE be the frustum of a triangular pyramid, and 
let the triangle B O C, having its side O C a part of A C, be 
a mean proportional between the bases ABC, DEF; the 
frustum A B C E is equal to the triangalar pyramids A B C D, 
DEFB,GBCD. 

Join B D, B F, B G. Because the triangles A B C, G B C 
have the same Tertex, they are proportional to AC, GC 
{66, 1), and therefore A B C» s G B C :: A C" : G C» (th. 7) ; 
and because G B C* is by hypothesis equal to A B CD E F, 
this proportion becomes A B C : D E F :: A C« : G C*. But 
the similar bases A B 0, D E F are also proportional to 
AC, DF< (70,1); wherefore GC is equal to DF; and 
G D F C is a pivsllelogram in which the triangle G D C is 
equal to C D P. Now th^ frustum A B E is composed of 
the pyramids A B C D, dIeFB, CDFB, the last of which 
is equal to the pyramid CDGBorGBCDj wherefore 
the fmstnm A B C E is equal to the three pyramids A B D, 
DEFB,GBCD. 
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$ 6. OF THE PROPORTION OF THE VOLUMES OF TRIANGULAR PYRAMIDS. 

95. The comparison of triangular pyramids may in accord- 
ance with Theorem x. be directly instituted, by referring 
them to corresponding prisms. The following theorems 
will therefore be sufficiently obvious without the necessity 
of particular exemplification. 

THEOREM XII. 

96. Two triangular pyramids which have equuxl altitudes 
are proportional to the areas of their bases. 

The demonstration of this follows from articles 92 and 56. 

THEOREM XIII. 

97. Two triangular pyramids are proportional to the 
products of their bases and altitudes. 

For the pyramids are evidently proportional to their cor- 
responding prisms having the same bases and altitudes (92) ; 
and are therefore proportional to the products of these alti- 
tudes and the areas of the bases (57). 

THEOREM XIV. 

98. Two similar triangular pyramids are proportional 
to the cubes of their homologous edges. 





A Fi; A' c 

For the pyramids are proportional to corresponding similar 
prisms having the same bases and coincident homologous 
edges (92) ; and these prisms being proportional to the cubes 
of their homologous edges (58), the theorem is evident. 



THEOREM 

99. 77ie volume of a triangular pyramid is equal to one 
third of the product of its altitude and the area of its base. 
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For the volurae of the pyramid is one third that of the 
corresponding prism, which is equal to the product of its 
altitude and the area of its hase (74). 



S 7. OF QUADRILATERAL F7RAMIDS. 

100. The particular denominations hy which quadrilateral 
prisms are distinguished correspond to the different forms 
of their bases ; and regarding these solids as composed of 
triangular pyramids, their chief properties may be presented 
without formal demonstration. 

THEOREM XVI. 

101. Two quadrilateral pyramids which are composed 
of similar triangular pyramids similarly situated, are re- 
spectively equal. 

THEOREM XVII. 

102. Two quadrilateral pyramids which have equal hoses 
and altitudes, are respectively equal. 

For the volumes of quadrilateral prisms having the same 
bases and altitudes are equal (6d) ; and these prisms being 
each of them triple the triangular pyramids which compose 
the quadrilateral pyramids (92), the volumes of these solids 
are respectively equal. 

THEOREM XVIII. 

103. Two quadrilateral pyramids are proportional to the 
products of their bases and altitudes. 

THEOREM XIX. 

104. Two similar quadrilateral pyramids are proportional 
to the cubes of their homologous edges. 

For these solids may evidently be divided into triangular 
pyramids, which are respectively similar and proportional to 
the cubes of the homologous edges of the quadrilateral 
pyramids. 

o2 



162 ELEMENTS OF OBOXBTRY. 

THEOREM XX. 

105. 7%c volume of a quadrilateral pyramid is equal to 
one third of the product of its altitude and the area of its 
base. 



§ 8. OF POLYGONAL PYRAMIDS. 

106. The different forms of polygonal pyramids are dis- 
tinguished by denominations corresponding to their bases : 
their chief properties are precisely an^ogous to those of 
quadrilateral pyramids, and may if necessary be similarly 
enunciated. 

Remark, Besides the plane solids considered in this and 
the preceding chapter, there are a variety of others which 
may be comprehended under the general denomination poly- 
hedron. These solids are characterized by no particular 
positions of their boundaries ; they are viewed without refer- 
ence to bases, and their surfaces being any rectilinear figures 
whatever, the plane angles at their several vertices may con- 
stitute any number of trihedral and polyhedral angles. As 
to these polyhedrons treated under general forms, their pro- 
perties are similar to those already noticed, and depend on 
their composition from pyramids at corresponding vertices. 
The regular forms which they assume are limited to three. 
These are determined by theorems xiv. xviii. ; from which it 
follows that a trihedral angle of any solid contained by equal 
planes, can be formed by means only of three equilateral tri- 
angles, or squares, or pentagons ; and that a polyhedral 
angle can be similarly formed by means only of four or five 
equilateral triangles. The trihedral angles formed of equi- 
lateral triangles correspond to the regular triangular pyramid : 
those formed of squares correspond to the regular prism or 
cube. If these two solids be excluded from the class under 
consideration, there will remain three regular polyhedrons, 
the first bounded by eight equilateral triangles, forming 
tetrahedral angles ; the second contained by twelve regular 
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pentagons, constituting trihedral angles; and the third 
bounded by twenty equilateral triangles, forming pentahedral 
angles. The particular names of these solids are octahedron^ 
dodecahedron^ icosahedron. Their graphic representations 
are the following. 




'■■«>S!iBB> 





CHAPTER IV. 
oir'coNSTBUCTioira and mensuration relative to planes and 

PLANE SOLIDS. 

107. The two classes of problems here resolved exemplify 
the theoretical principles involved in the preceding chapters : 
the first class may be viewed as forming the basis of descrip- 
tive and practical solid geometry ; the second may be regarded 
as constituting an important branch of the mensuration of 
solids. 



§ 1. OF CONSTRUCTIONS RELATIVE TO PLANES. 

PROBLEM I. 

108. Through a given point A to draw a right line pa- 
rallel to a given plane E F. 

A 




In the plane E F, draw any right line C D, and through 
the point A, draw in the plane of A and C D, the right line 
kB parallel to C D (103,1); this right line AB will be 
parallel to the given plane E F (9). 
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PROBLEM n. 

109. From a given point A or B to draw a perpendicular, 
to a given plane £ F. 

6| 




First, let the given point A be in the plane E F, and through 
it draw in this plane the right line A C. From C draw in 
£ F the right line C D perpendicular to A C, and from the 
same point draw in any plane passing through C D, the right 
line CB perpendicular to CD. In the plane of AC, BC 
and perpendicularly to AC, draw the right line AB, which 
will be perpendicular to the given plane E F (7). 

Secondly, let the given point B be without the plane E F, 
and draw in this plane any right line D D'. From B to 
DD' draw the perpendicular BC; and in the plane EF 
draw C A perpendicular to C D. From B to C A draw the 
perpendicular B A, which will also be perpendicular to the 
plane EF (7). 

Remark, The point B relatively to the plane E F is evi- 
dently determined by the perpendicular B A and the position 
of its extremity, or the point A. This point is termed the 
orthogonal projection, or simply the projection of the point 
B ; and the plane E F is named the plane of projection. 

PROBLEM III. 

110. From the point C in which a given right line B C 
meets a given plane E F, to draw in this plane a perpen- 
dicular to the given line. 

Let the point A in the plane E F be the projection of B 
(rem. 109); join AC in this plane, and from C draw the 
right line C D perpendicular to AC. This line C D is evi- 
dently perpendicular to B C (7). 
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PROBLEM TV. 



111. Through a given point D or Q to draw a plane 
perpendicular to a given right line 6 H. 




Through the given right line G H draw two planes C D, 
E F, the first passing through the given point, and forming 
with the second, any dihedral angle D G H F. In these 
planes draw the right lines D G, G F, each perpendicular to 
6 H ; the plane A B passing through these lines is perpen- 
dicular to the given line G H (4, 5). 

PROBLEM V. 

1 12. Tlirough a given point £ to draw a plane parallel 
to a given plane C D. 




C D' 



In the given plane C D draw any two right lines F C, F D 
meeting in F, and through the given point E draw the right 
lines EA, FB respectively parallel to FC, FD (103,1); 
the plane A B passing through these right lines is parallel to 
the given plane C D (20). 

PROBLEM VI. 

113. Through a given point A to draw a plane perpen- 
dicular to a given plane E F. 

From the given point A to the plane E F draw the perpen- 
dicular AC (2), through which let any plane AD he drawn; 
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the plane AD is perpendicular to the given plane EF 
(cor. I, 16). See fig. prob. i. 

Remark, The plane AD will evidently be perpendicular 
to two parallel planes, of which one is the plane E F. 



PROBLEM VII. 



114. Through a given point B to draw a plane perpen- 
dicular to two given planee C D, £ F. 




From the given point B to the planes C D, E F draw the 
perpendiculars BD, BF (109). The plane AB passing 
through BD, BF is perpendicular to the given planes 
C D, E F. 

PROBLEM Vni. 

115. Through a given right line AB to draw a plane 
perpendicular to a given plane E F. 




From the point A in the given right line A B draw A G 
perpendicular to the plane E F (109). The plane A B pass- 
ing through A B, A C will be perpendicular to the given 
plane E F (cor. I, 16). 

Remark, The right line C D joining the projections of the 
points A, B is in the perpendicular plane A D, and passes 
through the projection of every point in A B. It is there- 
fore called the projection of AB; and the plane AD by 
which it may be determined is called the projecting plane. 
When the perpendiculars A C, B D are equal, A B is parallel 
to its projection C D ; and when they are unequal, it is in* 
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clined to this projection and to the plane E F. The inclina- 
tion of A B to C D is determined by the angles which they 
form when produced to meet each other ; and this angle also 
determines the inclination of A B to the plane £ F. It is 
evidently equal to the angle formed by A B, and a parallel to 
CD at the point A; and in conjunction with CD and the 
perpendicular AC, will determine both the position and 
length of A B. 

PROBLEM IX. 

116. To find the common section of two planes^ of which 
one is determined relatively to the other by the projections 
of three of its points, and by the corresponding perpen' 
diculars. 

Ha c 




A 

Let AC, AC be the planes; C, D', E' the given projec- 
tions, and CC, DD', EE' the corresponding perpendicu- 
lars. Join C E, C'E' which produce to meet in B ; through 
D, D' draw D A, D'A respectively parallel to C B, C'B ; and 
join A B which will be the common section required. 

For the parallels C B, D A are in the plane A C, and their 
projections C'B, D'A are in the plane A C ; wherefore the 
points B, A are in both the planes A C, A C, and A B is the 
corresponding section. 

PROBLEM X. 

117. To find the angle formed by the common section of 
two planes and a right line, which is determined in one of 
the planes by its projection in the other, and by two corres- 
ponding perpendiculars at its extremities. 

Let AB be the common section of the planes; C'E' the 
projection of the right line, and C C, E E' the perpendicu- 
lars. Join C E, and let it and C'E' produced meet the com- 
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mon section in B. From any point A of this section, draw A F 
perpendicular to B C, and from F draw F G H perpendicular 
to B C. Make B H equal to B A, and G B H will be the 
required angle formed by A B and B C. 

Ha c 




For A F is perpendicular to the plane C B C ; and B G F 
being a right angle in this plane, an oblique line drawn from 
A to G will be perpendicular to B G (7). The two right 
angled triangles B G H, B G A, having a common base B 6 
and equal hypotenuses B H, B A, have therefore the angle 
G B H equal to G B A. 

Remark, The angle contained by A G, F G will determine 
the dihedral angle formed by the plane A C and the project- 
ing plane B C C (15) ; and that angle may be found, by con- 
structing on the base A F a right angled triangle, of which 
the perpendicular is equal to F G. 



PROBLEM XI. 



118. In a trihedral angle of which two faces and their 
included dihedral angle are given, to determine the remain- 
ing face. 




A EC 

Place the given faces ABC, ADC in the same plane, 
and draw D £ perpendicular to A C. At £ make the angle 
D £ F equal to the given dihedral angle ; take £ F equal to 
D £, and draw F G parallel to A C. From G draw G H D' 
perpendicular to B C, and from C with the radius C D de- 
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scribe an arc intenecting G H D' in the point D' ; join C D' 
and B C D' will be the required face. 

For the point 6 is the projection of the vertex D of the 
face ADC, elevated above the plane ABC; and 6 H being 
also the projection of H D', the equal edges C D, C D' will 
coincide ; and BCD is therefore a face of the trihedral 
angle ABC D. 

Remark. The dihedral angle formed by ABC, BCD' 
will be determined by the angle at the base G H of a right 
angled triangle, of which G F is the perpendicular and H D' 
the hypotenuse ; and the inclinations of the edges A D, C D 
to the face ABC, will be similar angles corresponding to 
the projections A G, C G, and the common perpendicu- 
lar F G. 

PROBLEM XII. 

119. To determine any of the dihedral angles in a tri- 
hedral angle, of which the faces are given, (See fig. prob. xi.) 

Place the given faces A B C, A D C, B C D' in the same 
plane, and from the extremities D, D' of the equal edges C D, 
C D' draw D E, D'H G perpendicular to A C, B C. Through 
the point of intersection G, draw GF parallel to AC, and 
from E with the radius E D determine the point F. The 
angle F E G evidently corresponds to that required (118). 

Remark. The dihedral angle formed by the faces ABC, 
BD'C has been already noticed; and a perpendicular drawn 
from G to A B together with F G, will make known the 
dihedral angle formed by the face ABC, and a plane passing 
through the points A, B, D. 



PROBLEM XIII. 



120. To construct a triangular prism of which the base 
and two of the hounding sides are given. 





If the sides of the prism be rectangles, they will evidently 

P 
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be perpendicular to the base, and the construction is obvious 
(109). But if the sides be parallelograms, let the projection 
of their common edge be found by the construction of the 
preceding problem, and also the corresponding perpendicular 
to the base. The position of this edge may then be deter- 
mined by prob. ii., and the prism may be constructed by 
prob. I. 

Remark. A similar construction is applicable to a quadri- 
lateral and a polygonal prism, of which the base and any two 
adjacent parallelograms are given. 

PROBLEM XIV. 

121. To construct a triangular pyramid of which the 
base and two of the bounding triangles are given. 





Find the projection of the edge common to the given sides 
of the pyramid, and also the corresponding perpendicular, 
by the constniction of problem xii. The vertex of the pyra- 
mid being then determined by prob. ii., the principal edges 
may be drawn, and the solid completed. 

Remark, A similar construction is applicable to a quadri- 
lateral or polygonal pyramid, of which the base and any two 
adjacent triangles are given. 

PROBLEM XV. 

122. To construct a regular polyhedron of which one of 
the equal edges is given. 






First, let the regular solid be an octahedron (rem. 107). 
Describe a square on the given edge, and through its centre 
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i draw opposite perpendiculars, each equal to half its diagonal 
(109). Join the angular points of the square and the extremi- 
ties of these perpendiculars, and the solid thus constructed 
will havdr its eight faces equilateral triangles, and its six 
tetrahedral angles respectively equal, and will therefore be a 
regular octahedron. 

Secondly, let the solid be a dodecahedron. Construct a 
regular pentagon on the given edge (rem. 64, II), and let five 
equal pentagons meeting it and each other successively, form 
equal trihedral angles (110). Connect these with five equal 
contiguous pentagons, forming a sixth pentagon parallel to that 
constructed on the given edge. The solid thus enclosed 
evidently has twelve equal pentagonal faces, and twenty equal 
trihedral angles, and is therefore a regular dodecahedron. 

Thirdly, let the regular solid be an icosahedron. Con- 
struct a pyramid of which the base is a regular pentagon on 
the given edge, and its faces equilateral triangles. Find the 
dihedral angle formed by the faces of any of the equal tri- 
hedral angles, of the pyramid (119), and at the vertices of the 
pentagon construct, by virtue of this dihedral angle, five 
equal pentahedral angles, of which the faces are equilateral 
triangles. The ten triangles thus joined to the faces of the 
pyramid will terminate in a regular pentagon equal to its 
base, and on which an equal pyramid being constructed, 
there will be formed a solid having twenty equal faces and 
twelve equal pentahedral angles, and which is a regular 
icosahedron. 

Remark. The number of tetrahedral angles of an octahedron 
is equal to the number of faces of a cube, and the number of 
trihedral angles of this solid is equal to the number of faces 
of the octahedron. It follows therefore that either of these 
regular solids may be inscribed in the other, so that its 
several vertices may be at the centres of the faces of the solid 
in which it is inscribed ; and the same may be said of the 
dodecahedron and icosahedron, of which the number of faces 
and that of their trihedral or pentahedral angles are recipro- 
cally related. 
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S 3. OF MENSURATIQir RELATIVE TO PLAIDB BOLIO0. 

PROBLEM I. 

123. 7b find the volume, or solid contents of a prism, 
of which the altitude and the area of the base are given^ 

E , F Q Q H 






AD E 

The volume^ah, [1], 

in which a denotes the altitude and h the area of the base. 

Examples. 

First, let a=20 feet, and let the base be an equilateral 
triangle, of which the side 9 is 10 feet ; then 6=^ 9*^/3= 
43.301 square feet (120, 1) ; and the volume of the corres- 
ponding triangular prism is 866.02 cubic feet. 

Secondly, let a=:12 feet, and let the base be a parallelo- 
gram, of which the corresponding altitude and base are 
a'=2, 6'=4 feet; the area 6=a'6'=8 square feet (123, 1), 
and the volume of the corresponding quadrilateral prism or 
parallelopiped is 12.8=96 cubic feet. 

Thirdly, let a=6 yards, and let the base be a regular 
pentagon, of which the side 9=10 yards Then 6= 
1.720477 »»= 172.0477 square yards (rem. 79, II); and the 
volume of the corresponding pentagonal prism is 1032.2862 
cubic yards. 

PROBLEM II. 

124. To find the volume of a rectangular parallelopiped 
of which the altitude and sides of the base are given. 







p 












— TT 




r 



7*he volumess^abc, [2], 
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in which a is the altitude, and 6, c are the adjacent sides of 
the rectangular base. 

Example. Let aaBBBl2, b^4, css2 yards ; then the volume 
is 06 cubic yards. 

PROBLEM III. 

125. To find the volume of a cube of which the aide 
of the base is given. 




The volumeszs*t [3], 

in which s is the given side. 

Example. Let s^Vt feet. The volume is I2'=sl728 
cubic feet. 

PROBLEM IV. 

126. To find the volume of a pyramid of which the alti- 
tude and the area of the base are given. 

o E F 






AD E 

The volume=^ aby [4], 

in which a is the altitude and b the area of the base. 

Examples. 

First, let a=s6 yards, and let the base be a triangle of 
which the sides are a'=6, &'s=:12, c'sS feet; then 
6rB^(I3.7.1.5)=2].31 square feet (122, 1), and the volume 
of the corresponding triangular p3rramid is 127.86 cubic feet 

Secondly, let a=8 feet, and let the base be a quadrilateral 
capable of being inscribed in a circle, and of which the sides 
are a'=3, &'ss4, c'9=5, df's=:6 feet; then 6ssl8.97 square 
feet (77, II), and the volume of the corresponding quadri- 
lateral pyramid is 50.586 cubic feet. 

p2 
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Thirdly, let a— 6 feet, and let the bus be a regulu 
hexagon of which the tide »=4 feet ; then A™) ■■■v'SaM v'8 
•qnare feet (78, Bl, II); and the Tolume of the correspond- 
ing hexagonal pyramid is 40^3E=3Qg.2B2 cubic feeL 

Fourthly, let the pyramid be regular, and let the aide of 
its equilateral base or side be 1^=6 yards. In this case, 
as^((*— r*), in which r is the radius of a circle circum- 
scribing the base, 6=| r'v/3, and i=r^i (74, 73, II) ; 
wherefore the volume of the regular pyramid or tetrahedron 
is ^r*v^6— f^«'v/2=<2fi.4fi678, according to the preceding 
Tolnme of a in terms of the radius r. 



127. To Jind the volume of the fruUum of a pyramid, 
of which the altitude and the areas of the two baaet are 
given. 




TTu vol%ane=ia\b-\-b--^y/{b b')\ [6], 

in which a denotes the altitude of the frustum, and b,b' 
are the areas of its similar triangular, quadrilateral, or poly- 
gonal bases. 

Example. Let 0=6 feet and b=9, &'=4 square feet ; 
then v^(A A')Ba6, and the volume of the corresponding fmaium 
is 3S cubic feet. 

Bemark. Should a and b be given, and also the altitude a* 
of the entire pyramid of which the frustum constitutes a part, 
the upper base b' may be found by theorem viii., and thence 
the volume of (he frustum by the preceding formula. The 
frustum may also be considered as the difference of two simi- 
lar pyramids, and its volume will became known by means 
of problem iv. and theorem xir. 
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PROBLEM VI. 

128. To find the volume of a rectangular pyramoid or 
wedgtj of which the altitude^ base, and parallel edge are 
given. 




A D 

The volume^\ah{2 c+c') [6], 

in which a is the altitude ; 6, c are the adjacent sides of the 
base, and & is the edge parallel to the side c. 

For a diagonal plane E C D divides the pyramoid A G E F 
into the quadrilateral pyramid ABODE and the triangular 
pyramid CFDE, the volumes of which being \ahc and 
\ahc\ there results formula [6]. 

Example, Let a=10 feet, 6=20, csslS, and c'=sl2 ; the 
volume is 1600 cubic feet. 

PROBLEM VII. 

129. To find the volume of the frustum of a rectangular 
pyramoid cut by a plane parallel to the base, having given 
the altitude and sides of the bases. 




A D 

The voJume=\a\b{2 c+c*)+b' (2 c'+c)\, . . [7], 
in which a is the altitude and b, c$ b', c* are the correspond- 
ing sides of the parallel bases. 

For a diagonal plane A F G D evidently divides the frustum 
A C E G into two rectangular pyramoids A C F G and EGAD, 
the volumes of which constitute formula [7]. 

Example. Let a«12 feet; 6=:20, c=10; 6'=16, c'=»5; 
the volume is 2 (20.25 + 16.20) =1640 cubic feet. 
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Remark. The frustum here considered is frequently called 
a rectangular prismoid. 

PROBLEM vm. 

1 80. To find the volume of a regular polyhedron of which 
one of the equal edges U given, 

B 






77ie volumess^ nab^ [8], 

in which n is the number of equal triangular pyramids into 
which the polyhedron may be divided ; a the altitude of these 
pyramids, and b the area of any of their equal bases. 

JExamples. 

First, let the solid be a regular octahedron of which the 
given edge is c. This solid may be divided into two quad- 
rilateral pyramids, of which the base is a square formed by 
any four edges in the same plane, and the altitude is evidently 
half the diagonal of an equal square; wherefore ^asc*, 
a^=i^Cx/2, ns=2f and the volume of the octahedron is 
Jc«^/2=.4714c». 

Secondly, let the regular solid be a dodecahedron, which 
may be divided into twelve equal pentagonal pyramids, having 
a common vertex at a central point O within the sol^d. 
Through this point and two diametrically opposite vertices 
A, 6 conceive a right line A 6 to be drawn, and let similar 
right lines join each of these points, and two vertices C, D 
adjacent to A in the lowest pentagonal face of the dodeca- 
hedron. Put for the moment A 6»2 r, B C=c', C D=c", 
and let r' be the radius of a circle described about the face 
corresponding to the points A, C, D. Then A C B being 
the angle in a semicircle of which O is the centre, 
2r=v^(c"+c'*) ; and c, c" being the sides of regular penta- 
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gons of which c", c'are evidently diagonals, c=J c" (^5^1), 
c"=:|c'Jv^5— l}(cor.32,78, II); whence c'=»ic(3+5/5) 

and r=c^(^±|^). But the radius r'=c^{^±^} 

(prob. VI. vii) ; the altitude from O to the corresponding 

pentagon is af=i/(r«-r'«)=Jc^/( ^^ ); the area 

of this pentagon is 6=icV{25+10v'5} (rem.79,II), and 
n=sl2; wherefore the volume of the regular dodecahedron 

i,4c.^(ll±^)=7.66312c».. 

Lastly, let the solid be a regular icosahedron, considered 
as formed of twenty equal triangular pyramids, having their 
vertex at a central point O. Conceive a right line A B to be 
drawn as before ; and draw the diagonal A C of the regular 
pentagon of which three of the five adjacent vertices are 
A, C, D. Put AB=2 r, A C=c', and let r' be the radius 
of any of the equilateral faces of the icosahedron. Then 
AC B being a right angle, 2 r==^(c*+c'*), and c' being the 
diagonal of a regular pentagon of which c is the side, c=^ c' 

{v^5— 1), or c'=ic (1+5/5); wherefore r=c^{ ^^y% 

But r'=^ (prob. v. II), a=^{r'-r")='-y/(J±^), 

6s^c'v^3 (prob. IV. I), and n=:20; wherefore the volume 

of the icosahedron is|cV( » )=2.1817c». 

Remark. The value of O A drawn from the central point 
to any of the angles of the dodecahedron is \ c'^^S, which 
expresses half the diagonal oi an inscribed cube having its 
side e' equid to the diagonal of one of the pentagonal faces 
of the dodecahedron. 
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BOOK IV. 



OF CURVE OR ROUND SOLIDS. 



CHAPTER I. 



OF THE CYLINDER. 

1. When a right lin^ in contact with the circumferences 
of two equal and parallel circles, moves round them so as to 
be parallel to a right line joining their centres, it describes a 
curve surface enclosing in connexion with these circles a 
portion of space, and constituting with them a curve surface, 
which is characterized by the regularity and positions of its 
boundaries. 

2. A cylinder is a curve or round solid, bounded by two 
equal and parallel circles and by a curve surface, such that a 
right line may be drawn in it from the circumference of either 
circle, parallel to a right line joining the centres of the circles. 
The equal and parallel circles are the bases of the cylinder; 
the right line which joins the centres of these bases is termed 
its axis. 






The solid A B C D represents a cylinder, of which A B, C D 
are the bases, and E F is its axis. The solid 6 H K L is 
also a cylinder; G H, K L are the bases, and M N the axis. 

3. A cylinder takes denominations relative to the position 
of its axis, which may be perpendicular or oblique to its 
bases. A right cylinder has its axis perpendicular to its 
bases, as AB CD; an oblique cylinder has its axis oblique 
to its base, as the solid 6 H K L. 
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Remark. A. right cylinder may GTitleDlty be generated by 
the reTolution of a rectangle about one of its sidea considered 
as fixed ; and may therefore be denomiiialed a solid of revo- 
htlion. 



^. If a cjf Under be cut by a plane parallel to the base, the 
ttetion if a cirde equal to the base. 




Let A C D F be a cylinder, in which GHK is a section 
parallel to the base ABC; this section is a circle equal 
toABC. 

Draw the axis L M, meeting the plane of G H K in N ; 
join G N, H N, and let planes passing through these lines 
and LN, ialersect the curve surface and the base of the 
cylinder in the right lines A G, A L and 6 H, B L. Because 
the plane A N cuts the parallel planes AC, G K, the sections 
A^L.GN are parallel (21) ; and because A G, L N are also 
parallel (2), the figure ALGN is a parallelogram, and there- 
fore G N is equal to A I- In a similar manner, it may be 
proved that H N is equal to B L or A L, and the same may 
be said of any other right line N K drawn from N to the sec- 
lion GHK; wherefore this section is a circle equal to the 
base ABC. 

Remark. TTie cylinder A C D F being considered as 
oblique, another section equal but inclined to G H K, may be 
formed by a plane drawn perpendicular to the plane which 
projects the axis L M on the base A B C ( 1 1 6, III). This sec- 
lion makes with one of the parallel intersections of the cnrre 
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surface and the projecting plane, au aogle equal to tint 
fonned by the haae and the olber intersection; it is called a 
nbeontrary section of the cylinder. 



(2. < 



6. When the basea of a prism are inscribed in the bases 
of a cylinder, the priim is said lo he inicribed in the cylin- 
der; and when the bases of a prism are described abonl 
the bases of a cylinder, the pritm is said lo be deaerUitd 
abovt the cylinder. 




Of the preceding solids, A B C D is a prism inscribed in 
the cylinder AD; and GHRM is a prism described 
about, or circumscribing, the cylinder A B C D. 

6. Two prisms which have sidilar bases, and which are 
described in or about similar cylinders, having their axes 
equally inclined to their bases, and proportional to the radii 
of these bases, are evidently equiangular and similar. The 
comparison of these prisms as respects their areas and their 
volumes may be instituted by means of the two following 
theorems : 



THEOKEH n. 

7. T^e convex ttirfaces of similar pritmt described in or 
fAoui cylinders, are proportional to the squares of the radu 
of the basts of those cylinders. (See fig. the, ly.) 

For the several corresponding faces which constitute the 
convex surfaces of the prisms, being similar parallelograms, 
are proportional to the squares of their edges (88, 1) ; and 
these edges being respectively proportional to the radii of the 
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bases of the cylinders (35, II), the convex suT^ces of the 
inscribed or circumscribed priima are proportional to the 
squares of the radii of the bases of the cylinders. 

Corollary. The convex surfaces of the inscribed or cir- 
cumscribed prisms are also proportional to the bases of the 
cylinders. 



S. The vohanes of nmxlar primu detcribtd in or abovt 
cylindera., are proporHotuil to tht ctibet of the radii of the 
bates of those cylindtrs. 

For the volumes of similar prisms are proportional to the 
cubes of their edgea (73, III] ; and these edges being respective- 
ly proportional to the radii of the bases of the cylinders (36, II), 
the volumes of the prisms are pioportionsl to the cubes of the 
ndii of the bases of the cylinders. 



9. The curve surfaces of timilar cj/tinden are propor- 
tional to the squares of the radii of their bases. 





For if re^Iar and similar polygonal prisms be inscribed 
ro the cylinders AB C D, A'B'C'D', their convex surfaces 
will be proportional to the squares of the radii A E, &'£' (7) ; 
and this proportionality will aubsist whatever be the number 
of faces bounding the prisms. But if this number be con- 
tinually increased) the corresponding surfaces will also 
increase, and will continually approach tlie curve surfaces ■ 
of ABC D, A'B'G'D'i which form their respective limits 
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of the cylinder A B C D is equal to the product of the altitude 
C E and the area of the base ABA. 

Corollary. The volume of a cylinder is equal to that of a 
prism haying an equal base and the same altitude. 



CHAPTER II. 

OF THE CONE. 

13. When a right line passing through a point given 
without the plane of a circle, moves round the corresponding 
circumference, it describes a curve surface enclosing, in con- 
nexion with this circle, a portion of space, and constituting 
with it a curve solid which is characterized by the regularity 
and positions of its boundaries. 

14. A cone is a dUrve or round solid bounded by a circle, 
and by a curve surface which terminates in a point, and 
which is such that a right line may be drawn in it from this 
point to the circumference of the circle. The bounding 
circle is the base of the cone ; the point in which the curved 
surface terminates is the vertex; any right line drawn in the 
surface from the vertex is called the slant side of the cone, 
and the right line joining the vertex and the centre of the 
base is termed its axis. 





The solid ABC represents a cone, of which A B is the 
base ; C is the vertex ; A C or B C a slant side ; and C D 
the axis. The solid £ F 6 is also a cone ; E F is its base ; 
G the vertex ; E G or F G a slant side ; G H the axis. 

15. A cone takes denominations relative to the position 
of its axis, which may be perpendicular or oblique to its 
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We. A right cone has its axis perpendicular to the base, 
as A B C ; an oblique cone has its axis oblique to its base, as 
the solid E F 6. 

Remark, A right cone may evidently be generated by the 
revolution of a right angled triangle about either of its per- 
pendicular sides considered as fixed ; and may therefore be 
denominated a solid of revolution. 



$ 1. OF THE SECTIONS OF A CONE BT A PLANE. 

THEOREM I. 

IQ.Ifa cone be cut by a plane parallel to the base^ the 
tectum is a circle. 

D 




B 

Let A B C D be a cone, and £ F 6 a section parallel to the 
base ABC; this section is a circle. 

Draw the axis D H, meeting E F 6 in K ; join E K, F K, 
and let planes passing through these lines and D H intersect 
the curved surface and base of the cone in the right lines 
A D, A H and B D, B H. Because the plane A K cuts the 
parallel planes A C, E G, the sections A H, E K are parallel 
(21) ; and the triangles A D H, E D K being therefore equi- 
angular, AH:EK::DH:DK (49, 1). For a like reason 
B H : F K :: D H : D K, which compared to the preceding 
analogy gives A H : BH :: EK: FK. But the base A B C 
being a circle, A H is equal to B H ; wherefore E K is equal 
to F K ; and the same may be said of any other right line 
K 6 drawn from K to the section E F G, which is therefore 
a circle. 

Remark. The cone being considered as oblique, another 
section similar but inclined to £ F G may be formed by a 

q2 
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plane drawn perpendicular to the plane which projects the 
axis DH on the base ABC (115). This section makes 
witti one of the slant sides in the projecting plane, an angle 
eqnal to that formed by the base and the other slant side ; it 
is called a subeaniranf section of the cone. 



$ 3. OF PTRAMUMB DESCRIBED IN Ain> ABOUT CONES. 

17. When the base of a pyramid is inscribed in the base 
of a cone, and both these solids have the same vertex, the 
pyr/tmid is aaid to he inserted in the cone ; and when the 
base of a pyramid is described about the base of a cone, and 
these solids have the same vertex, the pyramid is said to 
be described about the cone, 

D H 





C F 

Of the preceding solids, A B G D is a pyramid inscribed 
in the cone A CD, and EFGH is a pyramid described 
about the cone A B H. 

18. Two pyramids which have similar bases, and which 
are described in or about similar cones, having their axes 
equally inclined to their bases, and proportional to the radii 
of these bases, are evidently equiangular and similar. The 
comparison of these pyramids as respects their areas and 
their volumes may be instituted by means of the two fol- 
lowing theorems : 

THEOREM II. 

19. The convex surfaces of similar pyramids described 
in or about cones are proportional to the squares of the 
radii of the bases of those cones. (See fig. the. iv.) 

For the several corresponding faces which constitute the 
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conrex surfaces of the pyramids being similar triangles, are 
proportional to the squares of their edges (70, 1); and these 
edges are proportional to the radii of the bases of the cones 
(369 II) ; wherefore the convex surfaces of the inscribed or 
cireumseribed pyramids are proportional to the squares of the 
radii of the bases of the cones. 

CoroUary. The convex surfaces of the inscribed or cir- 
cumscribed p3nramids are also proportional to the bases of 
the cones. 

THEOREM III. 

20. The volumes of similar pyramids described in or 
about cones t are proportional to the cubes of the radii of the 
bases of those cones. 

For the volumes of similar pyramids are proportional to 
the cubes of their edges (98, III), and these edges are respect- 
ively proportional to the radii of the bases of the cones 
(35, II) ; wherefore the volumes of the inscribed or circum- 
scribed pyramids are proportional to the cubes of the radii 
of the bases of the cones. 



$ 3. OF THE ARIAS OF THB CUETED SURFACES OF CONES. 

THEOREM IV. 

21. 77ke curve surfaces of similar cones are proportional 
to the squares of the radii of their bases. 




c 

For if regular and similar polygonal pyramids be inscribed 
in the cones A B C D, A'B'C'D', their convex surfaces will 
be proportional to the squares of the radii A E, A'£' ; and 
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this proportionality will subsist whatever be the number of 
faces bounding the pyramids. But if this number be con- 
tinually increased, the corresponding surfaces will also 
increase, and will continually approach the curve sttrfiaces 
A B C D, A'B'C'D', which form their respective limits, and 
which must have their invariable ratio A £' : A'E''. Where- 
fore the area of AB C D : the areaof A'B'C'D' :: AE« : A'E". 
Corollary. The curve surfaces of similar cones are pro- 
portional to the squares of their axes, or their altitudes ; and 
when these solids are right cones, their curve surfaces are 
also proportional to the squares of their slant sides. 

THBORBM V. 

22. 7%c curve surface of a right cone is equal to thepro^ 
duct of its slant side and the semicircumference of its base, 

D 




Let A B C D be a right cone of which the slant side is A D ; 
the area of the curve surface of A B C D is equal to the pro- 
duct of AD, and the semicircumference ABC. 

For if a regular polygonal pyramid be described about the 
cone A B C D, the area of its convex surface, formed of equal 
triangles, will evidently be equal to the product of the slant 
side A D and the semiperimeter of its polygonal base ; and 
this area and corresponding product, by increasing the number 
of sides of the pyramid, will continually approach the area 
of the curve surface of the cone, and the product of its slant 
side, and the semicircumference of its base, which form their 
respective limits, and between which there must subsist a 
corresponding equality. Wherefore the curve surface of 
A B C D is equal to the product of the slant side A D and the 
semicircumference ABC. 
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Corollary. The area of the curve surface of a right cone 
is equal to the area of a right angled triangle, of which the 
perpendicular sides are respectively equal to the slant side 
of the cone and the circumference of the base. 

Remark, The curve surface of a cone may be unfolded on 
a plane ; and when this solid is a right cone, the correspond- 
ing development of its curved surface is evidently a circular 
sector, of which the radius and bounding arc correspond to 
the slant side and the circumference of the base of the cone. 

THEOREM VI. 

23. The curve surface of the frustum of a right cone is 
equal to the product of its slant side^ and half the sum of 
the circumferences of its bases, 

£ 



Let A B C D be the frustum of a right cone, of which the 
slant side is B D ; the curve surface of A B G D is equal to 
the product of B D, and half the circumferences AB A, G D G. 

Produce A G, B D until they meet in E, the vertex of the 
entire cone A B £, of which the cone G D E is a part and 
also the frustum A B G D. From the points B, D draw the 
right lilies B F, D G perpendicular to B £ ; let B F be equal 
to the circumference ABA, and draw the right line E F, 
meeting D 6 in the point 6. Because the triangles A E B, 
C E D are similar, and also the triangles B E F, D E G, the 
sides BE, DE are proportional to AB, GD and also to 
B F, D G (50, 1) ; wherefore AB : G D :: B F : D G. But 
the radii A B, G D are proportional to the circumferences 
AB A, G D G (44, II), and B F is equal to the circumference 
ABA; wherefore D G is equal to the circumference G D G. 
Now the curve surface of the entire cone A B E is equal to 
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the area of the right angled triangle E B F, and the carve 
•nrface of the part or cone C D E is equal to the area of the 
triangle E D G (cor. 22) ; wherefore the remaining curve 
surface of the frustum A B G D is equal to the area of the 
trapezoid B D 6 F, which is equal to the product of B D and 
half the sum of B F, D 6, or of the circumferences ABA, 
CDC (124, 1). 

Corollary, The curve surface of the frustum of a right 
cone is equal to the product of its slant side, and the cir- 
cumference of a section made by a plane, drawn through 
the middle of this side, parallel to the bases of the frustum. 



§ 4. OF THE VOLUMES OF CONES. 
THEOREM VII. 

24. Tlie volumes of similar cones are proportional to the 
cubes of the radii of their bases. 




c 

For if regular and similar polygonal pyramids be described 
in or about the cones A B C D, A'B'C'D', their volumes will 
be proportional to the cubes of the radii A E, A'E', )vhatever 
be the number of their faces and however near they may 
approach the cones ABC D, A'B'C'D' which form their 
respective limits, and which must have their invariable ratio 
A E» : A'E"». Wherefore the volume of A B C D : the volume 
of A'B'C'D':: AE»: A'E'». 

Corollary, The volumes of similar cones are proportional 
to the cubes of their axes or their altitudes ; and when these 
solids are right cones, their volumes are also proportional to 
the cubes of their slant sides. 
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THXOREII Till. 

S5. 77te volume of a cone is equ(^ to a third part of the pro- 
duet of its altitude and the area of its base. (See fig. the. tii.) 

Let A B C D be a cone of which D E is ' the altitude ; the 
Tolnme of A B C D is equal to a third part of the product of 
D E and the area of the base ABC. 

For if a regular polygonal pyramid be inscribed in the 
cone A B C D, its volume Till be equal to a third part of the 
product of the altitude D £ and the area of its polygonal 
base ; and this volume and corresponding product, by increas- 
ing the number of faces of the pyramid, will continually 
approach the volume of the cone, and a third part of the pro- 
duct of its altitude and the area of its base, which form their 
respective limits, and between which there must aubsisl a 
corresponding equality. Wherefore the volume of the cone 
A B C D is equal to a third part of the product of the altitude 
D E and the area of the base ABC. 

Corollary. The volume of a cone is equal to the volume 
of a pyramid, having an equal base and altitude, and is also 
equal to a third part of the volume of a cylinder, having the 
lame base and altitude. 

THEOREM IX. 

26. 7%e volume of the frustum of a cone is equal to the 
volumes of three r.ones having the same altitude as the frus- 
tum, and their bases the upper and lower bases of this solid 
aid a mean proportional between these bases. 



a 




For the volume of the frustum of a cone AB C D is evi- 
dently equal to the volume of the frustum of a pyramid 
A'B'C'D*, having its altitude and bases respectively equal to 
those of the conic frustum (cor. 26] ; and the volumes of the 



192 ELEMENTS OF OSOXETBT. 

three pyramids composing A'B'C'D' being respectively equal 
to three cones having corresponding equal bases and alti- 
tudes (94), the volume of the conic frustum A B C D is equal 
to the volumes of those cones, of which the bases are AB, 
C D, and a mean proportional between them, and which have 
their common altitude the same as that of A B C D. 



CHAPTER m. 

OF THE SPHERE. 



27. When a semicircle revolves about its diameter con- 
sidered as fixed, the corresponding semicircumference de- 
scribes a curve surface enclosing a portion of space and 
constituting a round solid, which is characterized by its 
perfect regularity, and the uniformity of its boundary. 

28. A sphere is a curve or round solid bounded by a curve 
surface, such that all right lines drawn to it from an interior 
point, are respectively equal. The interior point is the 
centre of the sphere ; any of the equal right lines drawn from 
the centre to the curve surface is a radius $ and any right 
line passing through the centre and terminating in the surface 
is a diameter. 




The solid ABC represents a sphere, of which the interior 
point O is the centre ; any of the equal right lines O A, O B; 
O C is a radius ; and the right line A C passing through the 
centre O is a diameter. 

29. The position of a. sphere is evidently determined by 
the position of its centre ; and its magnitude depends on its 
radius, which may be equal to any given right line, or may 
extend to any required distance from the centre. 
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$ 1. or THE sionoNS or a sphere by a plane. 

THEOREM I. 

30. If a sphere be cut by aplane^ the section is a circle. 




Let A B C D be a sphere cut by a ^imm ; the section ABC 
is a circle. ^^ 

The intersecting plane may pass through the centre O of 
the sphere, or this point may be situated without the plane. 
In the first case, the corresponding section is evidently a 
circle, having its radius O A the same as the radius of the 
sphere. In the second case, draw from the centre O to the 
plane of the section ABC the perpendicular O E, and join! 
0, £, and any two points A, B in ABC. Because OE is 
perpendicular to the plane of A B C, the angles O E A, O E B 
are right angles (5, III) ; and because these angles have the 
side O E common and are subtended by the equal radii or 
hypotenuses O A, O B, the remaining sides E A, E B are re- 
spectively equal (40, 1) ; and the same may be said of E A 
and any other right line EC drawn from E to the section 
ABC; wherefore the section A B C is a circle. 

CoroUary, The section or circle which corresponds to a 
plane drawn through O is greater than the section ABC; 
for O A is evidently greater than E A, the radius of this 
section. 

* 31. A great circle of the sphere is that formed by a plane, 
which passes through the centre of the sphere. This circle 
divides the sphere into parts which become identical when 
applied to each other, and which are therefore hemispheres, 
having equal surfaces for their curved boundaries. Two 
great circles of the sphere evidently pass through the same 
diameter, and therefore bisect each other. They enclose 

R 
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equal and opposite portions of the surface, which are termed 
spherical limes. 

82. A small circle of the sphere is that formed by a plane 
which does not pass through the centre of the sphere. A 
small circle divides the sphere into unequal parts, each of 
which is a spheric segment^ having this circle for its base. 
Two small circles at equal perpendicular distances fronohe 
centre of the sphere are evidently equal to each other : their 
circumferences enclose a portion of the spheric surface 
termed a zone. 

^^ THEOREM II. 

33. 7%e circumference of any circle of the sphere is equally 
distant from either extremity of a diameter draum perpen- 
dicular to that circle. 




B 

D' 

Let A B C be the circumference of a circle of the sphere 
A B C D, in which D D' is a diameter perpendicular to the 
plane of ABC; the circumference A B C is equally distant 
from D, the extremity of D D' 

Take any two points A, C in the circumference AB C, of 
which the centre is E (cor. 30), and draw the chords A D, C D 
and the radii A E, C E. Because D E is perpendicular to 
the plane of A B C, the angles A E D, C E D are right angles 
(5, III) ; and because these angles have the side D E common 

« 

and AE is equal to CE, the right angled triangles ADE, 
C DE are equal (38, 1), and A D is therefore equal to C D. 
In like manner, it may be proved that A D is equal to any 
other right line B D drawn from the point D to the circum- 
ference ABC; wherefore this circumference is equally 
distant from the point D. 

Corollary. The arcs of great circles between either ex- 
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tremity of a diameter of a sphere and the circumferenoe 
of any circle to which this diameter is perpendicular, are 
equal to each other ; for the chords which subtend those arcs 
are respectively equal. 

Bemark, The circumference ABC may be referred to 
the points D, D' as its centres, and may be considered as 
determined, when either of these points, as D, and the arc 
A D of any great circle passing through it are given. 

34. The poles of a circle of the sphere are two points in 
the surface from each of which the circumference of the 
circle is equally distant. The axis of a circle of the sphere 
is the diameter joining its poles. 

Of the circle A B G, the poles are £), D' ; and its axis is 
the diameter DD', which joins these poles and which is 
perpendicular to A B G at its centre E. 

Corollary. The corresponding poles of parallel circles 
are coincident; and the poles of a great circle are at quad- 
rantal distances from its circumference. This great circle 
evidently bisects all great circles passing through its poles, 
and is perpendicular to each of them. 

THEOREM III. 

35. The dihedral angle formed by the planes of two ares 
of great circles of a sphere, is determined by the plane angle 
contained by tangents to those arcs at their point of meeting. 




Let AB, A C be arcs of great circles of the sphere A B A'B', 
and let B A O G be the dihedral angle formed by their planes, 
and DAE the angle contained by their tangents AD, AE; 
the angle B A O C is determined by the angle DAE. 

Because AP is a tangent to the arc A B, it is perpendicular 



196 ELEMENTS OF GEOMETRY. 

to the radius A O (cor. 9, II) ; and* for a like reason A £ is 
also perpendicular to. A O. But A O is the common section 
of the planes of the arcs AB, AC; wherefore the angle 
DAE, contained by the perpendiculars A D» A E to this 
common section, determines the dihedral angle BAOC 
(15,111). (See fig. the. iv.) 

Remark, The angle DAE contained by the tangents 
A D, A E to the arcs A B, A C, is considered as equal to the 
angle formed by those arcs ; for this angle BAG viewed 
independently of the lengths of the arcs AB, AG is the 
same as the angle DAE corresponding to their tangents. 

36. A spherical angle is the opening formed by two arcs 
of great circles of a sphere. The point in which the arcs 
meet is the vertex of the spherical angle formed ; the arcs 
are the sides of this angle. 

The angle B A G is a spherical angle, of which A is the 
vertex, and A B, A G are its sides. 

THEOREM IV. 

37. ^ spherical angle is measured by the arc of a great 
circle, which is intercepted by its sides, and of which the 
pole is the vertex of the angle. 

D A 




A' 

Let B A G be a spherical angle, and B G the arc of a great 
circle of which the pole is the vertex A ; the angle B A G is 
measured by the arc B G. 

Draw the radii O B, O G, and the tangents D A, E A to 
the sides B A, G A of the spherical angle BAG. Because 
the point A is the pole of the arc B G, the radius A O is per- 
pendicular to the plane O B G (34), and the angles A O B, 
A O G are right angles ; wherefore the angle BOG deter- 
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■nines (he dihedral angle B A O C snd ii equal to the angle 
DAE contained by ihe tangents st A, and which corres- 
ponds to the spherical angle BAG. Bui the arc B C 
measures the aogle BOG (cor. 43, II] ; nherefore this arc 
also measures the spherical angle BAG. 

Corollary. A spherical angle is also measured by the arc 
of a great circle between the corresponding poles of its sides ; 
for this arc and that just considered are equal parts of the 
same great circle, having its pole the vertex of the spherical 
angle. 

Remark. Spherical angles are right or oblique, and tbeii 
sides are perpendicular or oblique to each other, according 
as their corresponding phne and dihedral angles are right or 
oblique i or according as the arcs which measure them are 
equal to or different from quadrants ; and adjaceiU and verti- 
cal spherical angles possess properties analogous to those 
considered in article 14, 15, IS, Book I. 

THEOREM *. 

38. The trihedral angle formed by the platie$ of three 
arc* of great eirelei of a sphere, is determined by thote arct 
and their eorreipimding spherical angles. 




Let A B, A C, B G be area of great circles of the sphere 
A B C D, and let A B C be the trihedral angle formed by 
their planes ; the angle A B C O is determined by the arcs 
A B, A C, B G and the spherical angles A, B, C. 

For the plane angles A O B, A O C, B O G of the trihedral 
angle A B C O, are respectively measured by the subtended 
arcs AB, AG, BO having equal radii; and the dihedral 
angles contained by its faces are determined by the sphericat 
sngleeat the exlremitiesof the edges OA, OB, OC; where- 
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fore the trihedral angle A B C O is determined by the arcs 
A.B, AG, BG, and the corresponding spherical angles 
Af B, G. 

A 




Remark, The arcs A B, A G, B G enclose a portion of the 
surface of the sphere, which may be considered as the curve 
base of a spherical triangular pyramid, having its vertex the 
centre O of the sphere, and of which the faces are the circular 
sectors O A B, O A G, O B G. 



$ 2. OF SPHERICAL TRIANGLES. 

39. A spherical triangle is a part of the surface of a 
sphere contained by three arcs of great circles. The figure 
A B G represents a spherical triangle ; the arcs A B, A G, 
B G are its sides^ and the point B is its vertex opposite to 
the base A G. 

40. A spherical triangle is equilateral^ or isosceles^ or aca- 
lene, according as all its sides are equal, or two of them are 
equal, or the three are unequal ; and the angles opposite to 
those sides are equal or unequal, as in plane triangles con- 
sidered in article 30, Book I. 

THEOREM YI. 

41. TTie angles of any spherical triangle, having their 
vertices the poles of the sides of another spherical triangle, 
are measured by the supplements of these sides / and the 
angles of the latter triangle are measured by the supple- 
ments of the sides of the former triangle. 

Let A B G be a spherical triangle, of which the vertices 
A, B, G are the poles of B'G', A'G', A'B', the sides of the 
spherical triangle A'B'G' ; the angles A, B, G, are measured 
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by the supplements of B'C, A'C, A'B', and the angles 
A', BS C, are measured by the supplements of the sides 
BC,AC,AB. 




Produce the sides A B and A C both ways to meet the 
sides A'C, B'C and A'B', B'C in the points D, E and F, G. 
Because the arc B C passes through the poles of A'B', A'C, 
their intersection A' is the pole of this arc (cor. 34), and for 
a like reason, B', C are tlie poles of A C, A B ; wherefore 
the arcs B'G, C'E are quadrants, and B'C, E G are together 
equal to the semicircumference of a circle, and are therefore 
supplements of each other. But the arc E G is the measure 
of the spherical angle A (37) ; wherefore this angle is mea- 
sured by the supplement of the side B'C. In like manner, 
it may be proved that the angles B, are measured by the 
supplements of the sides A'C, A'B' of the triangle A'B'C. 

Again, because the arcs A E, B D are quadrants, D E, A B 
are together equal to the semicircumference of a circle, and are 
supplementary arcs. But the spherical angle C is measured 
by the arc D E (37) ; wherefore this angle is measured by 
the supplement of the side A B ; and in the same manner it 
may be proved that the angles B', C are measured by the 
supplements of the sides A 0, A B. 

Remark. The spherical triangles ABC, A'B'C having 
the angles of either measured by the supplements of the sides 
of the other, are called supplemental triangles; and these 
sides having their poles the vertices of the angles to which 
they are related. as measures, the triangles ABC, A'B'C are 
also denominated polar triangles. 

THEOREM VII. 

42. Any two sides of a spherical triangle are greater 
than the third side ; and the three sides are together less 
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than four right angles^ or the circumference of a great 
circle. (See fig. the. v.) 

For the spherical triangle ABC being considered as the 
base of a spheric pyramid (rem. 38), of which the vertex is the 
centre O of the sphere A B C O, the three sides AB, B C, G A 
will measure the plane angles at this vertex, and must there- 
fore have the properties of these angles in accordance with 
articles 26, 27, Book I. 

THEOREM VIII. 

43. 7%e three angles of every spherical triangle are toge- 
ther greater than two^ and less than six, right angles. 




D K 

For the measures of the angles of the spherical triangle 
ABC being the supplements of the sides of its polar triangle 
A'B'C, these measures and sides are together equal to six 
right angles. But the sides of the triangle A'B'C are toge- 
ther less than four right angles; wherefore the angles of 
A B C are together greater than two right angles. Again, 
each of the angles of the spherical triangle A B C is less than 
two right angles, since its corresponding dihedral angle is 
less than two right angles ; wherefore the three angles of 
ABC are together less than six right angles. 

Corollary. The angles of a spherical triangle may be 
right, or obtuse, or acute angles ; and the exterior angle, 
formed by producing any of its sides, being the supplement 
of the interior adjacent angle, is less than both the interior 
opposite angles of the triangle. 

Remark, The three preceding theorems involve the 
characteristic and fundamental properties of spherical tri- 
angles. The following comprise several properties common 
to these figures and plane triangles, between which there 
appears to subsist a considerable analogy, and which in refer- 



ELEMENTS OF GEOMETRY 201 

ence to their angles are distinguished by the same denomina- 
tions. See sections 1, 2, Chap. II. Book I. 

THEOREM IX. 

44. If two sides of a triangle be equal, the opposite 
angles are equal, and conversely. 




For in the isosceles triangle A B C, of which the equal 
sides are A B, B C, let the arc B D of a great circle bisect 
the angle B, and let the two component triangles formed be 
the bases of spheric pyramids, having their common vertex 
O the centre of the sphere A B C O. These pyramids have 
evidently two plane angles, and the included dihedral angle 
of the one respectively equal to two plane angles and the 
included dihedral angle of the other, and have therefore the 
remaining plane and dihedral angles respectively equal 
(29, III). But these dihedral angles are the spherical angles 
of the triangle ABC, and which are therefore respectively 
equal. The converse may be demonstrated in a similar 
manner by means of a supplemental triangle A'B'C 

Corollary. The arc of a great circle, which bisects the 
vertical angle of an isosceles spherical triangle, bisects the 
base, and is perpendicular to it. 

Bemark. This theorem has already been considered as 
evident. It is here introduced in consequence of the corol- 
lary resulting from its demonstration. 

THEOREM X. 

45. In every spherical triangle, the greater side is opposite 
to the greater angle $ and conversely, (See the pre^peding fig.) 

For let the greater angle A of the spherical triangle ABC 
be divided into two parts or angles B A £, C A E, by the arc 
A E of a great circle meeting B C in E ; and let the angle 
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B A£ be equal to the less angle B. The component triangle 
ABE being then isosceles, the sides A E, B E are equal (44), 
and therefore the side B C is equal to both the sides A E, G E 
of the other component triangle C A E. But these sides are 
together greater than the side A C (42) ; wherefore the side 
B C is greater than A C. The converse may be proved by 
indirect reasoning, as in (36, 1), or by means of a supple- 
mental triangle A'B'C. 

Remark, The preceding and its analogous theorem (36, i) 
have this peculiarity, that the part directly proved in one is 
indirectly proved in the other. 

THEOREM XI. 

46. Any two sides of a spherical triangle are together 
equal to the semicircumference of a great circle^ or greater, 
or less than it, according as the opposite angles are together 
espial to two right angles^ or greater, or less, than two 
right angles. 




D 

Produce the sides A B, A C of the spherical triangle ABC 
until they meet in D, making the arcs A B D, A C D semi- 
circumferences of great circles, and forming the spherical 
angle B D C equal to BAG. The adjacent angles A B G, 
G B D being then together equal to two right angles, and the 
angles B D G, B A G equal to each other, the angle B D C 
will be equal to G B D, when the angles A B G, BAG are 
together equal to two right angles ; and therefore in this case, 
the side B G is equal to G D (44). But AG, G D are toge- 
ther equal to the semicircumference A G D ; wherefore the 
sides AG, B G are together equal to this semicircumference. 
In the second or third case of the theorem, the angle B D G 
will be greater or less than G B D ; the side B G greater or 
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less than G D (45) ; and the two sides A G, B C greater or 
less than the semicircamference A G D. 

Remark. The converse may be proved in the same man- 
ner, or considered as a corollary by virtue of a supplemental 
triangle A'B'G'. 

47. When two sides of a spherical triangle are both greater 
or both less than quadrants, they are said to be of the same 
affectum; and when one of them is greater and the other less 
than a quadrant, they are said to be of different affection. 
In like manner, two angles are said to be of the «ame affec- 
tion, when they are both greater or both less than right angles ; 
and to be of different affection, when one of them is greater 
and the other less than a right angle. 

THEOREM XII. 

48. The perpendicular sides of a right angled triangle 
are of the same affection with their opposite angles ; and the 
hypotenuse is greater or less than a quadrant according as 
those sides are of different or the same affection. 

B 




Let A B G be a right angled triangle of which G is the 
right angle ; and in the side G A produced if necessary, take 
C D equal to a quadrant, and join B D by an arc of a great 
circle. Because the side or arc B G is perpendicular to the 
quadrant G D, the point D is its pole, and the arc B D is a 
quadrant perpendicular to B G (cor. 34) ; wherefore G B D is 
a right angle, and according as the angle A B G is greater or 
less than it, the opposite side A G is evidently greater or less 
than the quadrant G D ; and conversely. 

As to the second part of the theorem, the angles B D G, 
BAG will be greater or less than right angles, when the 
opposite side B G is greater or less than a quadrant ; and the 
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side AB will be greater or less than the quadrant BD, 
according as the angle B D A is greater or less than BAD (45), 
and the sides A B, B C are of different or of the same affec- 
tion. 

49. Two spherical triangles and their corresponding sup- 
plemental triangles being regarded as the curve bases of 
spheric pyramids, the equality of their sides and angles may 
be immediately established by articles 28, 29, Book III, and 
will be sufficiently evident witliout further notice. As to the 
surfaces of these figures, the three following theorems respect 
their equality and their most remarkable relations. 

THEOREM XIII. 

60. Tlie surfaces of two spherical triangles which have 
the three sides of the one respectively equal to the three sides 
of the other t are respectively equal. 





Let ABC, A'B'C be spherical triangles of which the 
sides A B, B C, A C are respectively equal to A'B', B'C, A'C ; 
the surface of A B C is equal to the surface of A'B'C. 

Through the vertices A, B, C and A', B', C describe 
small circles ABC, A'B'C, of which the poles are D, D', 
and join these poles and vertices by arcs of great circles 
A D, B D, C D and A'D', BD', CD'. Because the sides of 
the spherical triangles ABC, A'B'C are arcs of equal great 
circles, the chords corresponding to the equal sides are also 
equal; and therefore the circles A B C, A'B'C, which cir- 
cumscribe the plane triangles formed by these chords, are 
equal ; and because the circumferences of equal circles are 
equally distant from their poles, the several arcs A D, B D, &c. 
are equal, and therefore the isosceles spherical triangles 
ADB, BDC,ADC will evidently coincide with and be 
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respectively equal to the corresponding triangles A'D'B', 
B'D'C, A'D'C. But the spherical triangle A B G is equal 
to the three triangles A D B, B D C, A D C, or to two of them 
diminished by the third, according to the interior or exterior 
position of the pole D ; and the like may be said of the sphe- 
rical triangle A'B'C, as respects the triangles A'D'B', 
B'D'C, A'D'C and the pole D' ; wherefore the surfaces of 
ABC, A'B'C being alike constituted of corresponding equal 
triangles, are respectively equal. 

Remark. Should the spherical triangles ABC, A'B'C 
have their corresponding sides similarly situated, the 
equality of their surfaces may be proved by the coincidence 
of spheric pyramids, in accordance with article 30, Book III. 
But when these sides are dissimilarly situated, such coinci- 
dence will not take place, and the equality of the reversed 
spherical triangles ABC, A'B'C cannot be established by 
superposition. 

THEOREM XIV. 

51. Tlie surfaces of isosceles spherical triangles which 
have their equal sides quadrants^ are respectively propor- 
tional to their hases^ or to their corresponding vertical 
angles. 

B 




D 

Let ABC, A'BC be two isosceles spherical triangles 
having their equal sides A B, B C and A' B, B C quadrants ; 
the surface of A B C : the surface of A' B C :: A C : A' C :: 
the angle A B C : the angle A' B C. 

For if the bases A C, A'C contain the same arc or unit, 
three and five times respectively, so that A C : A'C :: 3 : 6; 
and if quadrants be drawn from the common vertex B to the 
several points of division in A C, A'C, the triangles ABC, 

S 
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A' B C will be divided respectively into three and five equal 
parts, and therefore the surface of ABC : the surface of 
A'B C :: 3 : 5. But by hypothesis A C : A' C :: 3 : 5, 
and the spherical angles AB C, A'B C have the same ratio 
as the arcs AC, A' C (37); wherefore the surface of 
A B C : the surface of A' B C :: A C : A' C :: the angle 
A B C : the angle A' B C. 

Corollary. The surfaces of the lunes B A D C B, B A'D C 'B, 
formed by producing the sides B A, B C and B A\ B C, are 
also proportional to the angles A B C, A' B C at their vertices, 
since they are respectively twice the surfaces of the triangles 
AB C, A'B C; and if either of these lunes, as for instance 
B A D C B be compared to B A D £ B taken equal to one 
fourth the surface of the sphere, and having the angle A B D 
a right angle, it will evidently follow that the surface of the 
lune B A D C B : one fourth the surface of the sphere :: the 
angle A B C : a right angle ; in which proportion, the second 
and fourth terms may, when necessary, be changed into their 
multiples corresponding to the surface of the hemisphere or 
sphere, and to two or four right angles 

THEOREM XV. 

52. 7%c surface of any spherical triangle has to the sur- 
face of the sphere, the same ratio that the excess of the three 
angles of the triangle above two right angles, has to eight 
right angles, 

B 




B' 

Let ABC be a spherical triangle, and let E denote the 
excess of the sum of its angles A, B, C above two right 
angles ; the surface of A B C : the surface of the sphere :: 
the excess E : eight right angles. 

Produce the side B C so as to form the great circle B C B'C, 
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bounding the hemisphere A B C O, on which the triangle 
A B C is situated ; and let the other sides B A, C A produced, 
meet this circle in the points B', C, and also meet each other 
in the point A', beneath the circle B C B' C' and in the sur- 
face of the hemisphere A'B'C 'O. Because the arcs B A B'A', 
C A C A' meet the circle B C B' C in B', C, the arcs B C B', 
CB'C are semicircumferences, and taking from each the 
common arc B'G, there remains the arc B C equal to B'C. 
In like manner it follows that the arcs A B, A C are respect- 
ively equal to A'B', A'C' ; and the spherical triangle ABC 
is therefore equal to the reversed spherical triangle A'B'C 
(50). Now the lune AB'A'C'A being composed of the 
two spherical triangles A'B'C, AB'C on the hemispheres 
A'B'C'O and ABCO, is therefore equal to the spherical 
triangles ABC, AB'C on the hemisphere ABCO; the 
lune BAB'CB, is equal to the triangles ABC, AB'C, 
and the lune C A C'B C is also equal to the triangles ABC, 
ABC on the same hemisphere ; wherefore the proportions 
which correspond to these lunes and the spherical angles 
A, B, C at their vertices are by cor. 51, the three following: 

First, the lune A B'A'CA, or the surfaces of A B C, A B'C : 
the surface of ABCO :: the angle A : two right angles; 

Secondly, the lune B A B'C B, or the sur. of A B C, A B'C : 
the surface of ABCO :: the angle B : two right angles; 

Thirdly, the lune C A C'B C, or the sur. of A B C, A B C : 
the surface of ABCO :: the angle C : two right angles; 
from which there results by composition and division of 
ratios, according to algebraical theorems 6 and 8, 
the sur. of 3 A B C, A B' C, A B' C, A B C— sur. of A B C O : 
the sur. of A B C O :: the angles A, B, C —two right angles : 
two right angles. But the four spherical triangles ABC, 
AB'C, AB'C, ABC compose the surface of the hemi- 
sphere ABCO, and the angles A,B, C— two right angles 
is the excess £ ; wherefore the preceding analogy becomes 
the sur. of 2 AB C : the sur. of A B C O :: the excess E : 
two right angles ; or the sur. of A B C : the sur. of the sphere :: 
the excess E : eight right jingles. 
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§ 3. or RIGHT CONES AND CONIC FRUSTA DESCRIBED IK AND 

ABOUT SPHERES. 

53. When a cone and conic frusta have their conrespond- 
ing slant sides inscribed in the circumference of a great 
circle of a sphere, the cone and conic frusta are said to be 
inscribed in the sphere ; and when a cone and conic frusta 
have their corresponding slant sides described about, or in 
contact with, the circumference of a great circle of a sphere, 
the cone and conic frusta are said to be described about 
the sphere. 





Of the preceding solids, A B C is a right cone, and BODE, 
D E F G are conic frusta, inscribed in the sphere of which 
the centre is O ; and A'B'C is a right cone, and B'C'D'E', 
D'E'F'G' are conic frusta described about, or circumscrib- 
ing, the sphere of which the centre is O'. 

54. Two cones or conic frusta, which have their slant 
sides corresponding sides of regular and similar polygons, 
described in and about great circles of spheres, have evi- 
dently their bases and altitudes proportional, and are respect- 
ively similar. The comparison and determination of the sur- 
faces and the volumes of these solids form the subject of this 
section. 

THEOREM XVI. 

55. 7%c curve surfaces of similar cones and conic frusta 
described in and about spheres^ are proportional to the squares 
of the radii of the spheres. 

For the slant sides of the inscribed or circumscribed similar 
eones and conic frusta are proportional to the radii of the 
spheres ; and the bases of those solids have also their radii 
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and circumferences proportional to the radii of the spheres ; 
wherefore the convex surfaces of the cones and conic frusta 
are respectively proportional to the squares of the radii of 
the spheres (22, 23, III). 

THEOREM XVII. 

56. The curve surface of a cone or conic frustum described 
about a sphere, and having its slant sides bisected at the 
points of contact, is equal to the product of the altitude of 
the cone or frustum and the circumference of a great circle 
of the sphere, (See fig. art. 53). 

For if a small circle of the sphere be drawn parallel to the 
base of the circumscribed solid, at the middle of its slant side, 
or point of contact ; and if a great circle be also drawn at 
this point, the radii and circumferences of these circles will 
evidently be proportional to the altitude and slant side of the 
solid ; and the product of the slant side and the circumference 
of the small circle will therefore be equal to the product of 
the altitude and the circumference of the great circle (the. 5). 
But the first of these pmducts is equal to the curve surface 
of the circumscribed solid (23, III) ; wherefore this surface 
is equal to the product of the altitude of the cone or conic 
frustum and the circumfofence of a great circle of the sphere. 

Remark. It may be immediately inferred from articles 
47, II, and 22, IV, that the base of a right cone and its curve 
surface are proportional to the corresponding radius and 
slant side; and this cone being described about a sphere, 
these right lines are also proportional to the radius of the 
sphere and the distance between its centre and the vertex of 
the cone. The following property belongs therefore to any 
right cone described about a sphere, and having its slant side 
bisected or not bisected at the point of contact, and may be 
considered as a theorem allied to the preceding : 

The product of the curve surface of a cone, described about 
a sphere, and the radius of the sphere, is equal to the product 
of the base of the cone, and the distance between its vertex 
and the centre of the sphere, 

s2 
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THEORXM XT1II, 

D7. 7^e volumes of similar conta and conic frusta At- 
Mcribed in and about spheres, are pn^orlional to the cubts 
of the radii of the spheres. {See fig. the. xx). 

For the iasciibed or circumscribed cones and conic frusta 
bftve their altitudes and the radii of their bases propoitional 
to the ndii of the spheres ; wherefore their valumes are 
proportional to the cubes of the radii of the spheres (34, 36). 

TUZOREM XTS. 

68. TJie volume of a solid eonqiosed of conti and inter- 
mediate conic frustra circumscribing a sphere, is equal to 
one third of the product of its convex surface and the radius 
of the sphere. 




Let AA'FG he a solid composed of the cones ABC, 
A'B'C and conic frustra B C DE, B'C'D'E', Ac. circum- 
scribing the sphere of which the centre is 0; the volume 
of A A' F 6 is equal to one third of the product of its convex 
surface and the radius R of the sphere. 

Join the circumferences B C, D E, Ac. and the centre 
by the succesaiTe conic surfaces B O C, D E, &c. forming 
the partial conoidal solids A B C 0, B C D E 0, &c. which 
may be generated by the revotulion of the isosceles triangles 
A B O, B D 0, &c. about the common axis A A '. Let B H 
be the radius of the circle B C, and complete the cone D E K 
by producing the slant sides of the fruslum D E B C. The 
conoidal solid A B C O is equallo the two cones ABC, OBC 
on the same base B G, and having their altitudes A H, H 
together eqnal to O A. The volume of this solid is therefore 
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equal to ^ A O.circle B C (25). But the product O A.cirde B C 
is equal to R.curve surface of the cone ABC (rem. 56) ; where* 
fore the volume of A B C O is equal to | R.curve surface of 
ABC. For a like reason the volume of the solid K B C O 
is equal to 4 R.curve surface of K B C, and the volume of the 
solid K D £ O is equal to | R.curve surface of K D E. Now 
the difference of these last solids is the solid B C D £ O and 
the difference of their volumes is ^ R. curve surface of the 
frustum B C D E ; wherefore the volume of the conoidal 
solid B C D E O is 1^ R.curve surface B C D E ; and similar 
expressions will evidently correspond to the volumes of the 
remaining conoidal solids, bounded by the curve surfaces 
D £ F G, F G D' E', <fec. ; wherefore the volume of the com- 
pound solid A A' F G is equal to one third of the product of 
the whole convex surface A B C D E, &c. and the radius R 
of the sphere. 

Corollary. The volume of the compound solid A B C D E, 
described about the spheric segment A D E, together with 
the volume of the adjacent cone ODE, is equal to the volume 
of the conoidal solid A B C D E O, generated by the revolu- 
tion of the polygonal sector A B D O about the axis A A\ 



§ 4. OF THE AREAS OF THE SURFACES OF SPHERES. 

THEOREM XX. 

59. The areas of the surfaces of spheres are proportional 
to the squares of their radii or diameters. 





Let A B C D, A'B'C'D' be spheres of which A O, A'O' are 
the radii, the surface of A B C D : the surface of A'B'C'D' :: 
A O' : A'0'«. 
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For if Bimilar solida composed of cones and conic frusta 
be inscribed in the spheres A B C D, A'B'C'D , their convex 
surfaces will be proportional to the squares of the radii 
A.O, A'O' (64) ; and this proportionality will subsiBt whal- 
erer be the number of faces bounding the inscribed solids. 
But if this number be continually increased, the correspond- 
ing surfaces will also increase, and will conlihually approach 
the surfacesof ABCD, A'B'C'D', which form their respect- 
ive limits, and which must have their invariable ratio 
AO*:A'0". Wherefore the surface of A B C D ; the sur- 
face of A'B'C'D' :: A 0' : A'O". 

THEOREM XXI. 

60. 7%e area of Ike surface of a ephere ii equal to the 
product of the circumference of a great circle of the sphere 
and the diameter. 




Let A B C D be a sphere of which the diameter is A B ; 
the surface of A B C D is equal to the product A B.circum- 
ference CDC, 

For if a solid composed of cones and conic frusta be de- 
scribed about the sphere ABCD, the area of its surface will 
be equal to the product of its altitude and the circumfe- 
rence of a great circle of the sphere (S5) ; and this area and 
corresponding product, by increasing the number of faces 
of the circumscribed solid, wilt continually approach the area 
of the surface of the sphere, and the product of the circum- 
ference of its great circle and (he diameter AB, which form 
their respective limits, and between which there must subsist 
a corresponding equality. Wherefore the area of the surface 
of A B C D is equal to the product A B. circumference CDC. 
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Corollary. The area of the surface of a sphere is equal to 
four times the area of a great circle, and is also equal to the 
area of the curve surface of the circumscribing cylinder. 

Remark. If a cone and consecutive conic frusta be described 
about any segment of a sphere, it may be proved by reasoning 
analogous to the preceding, that the area of the curve surface 
of the segment is equal to the product of its altitude and the 
circumference of a great circle of the sphere ; so that the 
areas of the curve surfaces of different segments of the same 
sphere are respectively proportional to the altitudes of these 
segments. 



$ 5. OF THE VOLUMES OF SPHERES. 
THEOREM XXII. 

61. The volumes of spheres are proportional to the cubes 
of their radii or diameters 





For if similar solids composed of cones and conic frusta be 
inscribed in the spheres AB C D, A'B'C'D', their volumes 
will be proportional to the cubes of the radii A O, A'O', or 
of the diameters A B, A'B', whatever be the number of their 
curve faces, and however near they may approach the spheres 
AB C D, A'B'C'D', which form their respective limits, and 
which must have their invariable ratio A O" : A'O". Where- 
fore the volume of A B C D : the volume of A'B'C'D' :: 
A 0» : A'0'». 

THEOREM XXIII. 

62. Tlie volume of a sphere is equal to one third of the pro* 

duct of the area of its surface and the radius. (See fig. xxi) • 

Let A B C D be a sphere of which the radius is A O ; the 
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Yolume of A B C D is equal to one third of the product of its 
surface and the radius A O. 

For if a solid composed of cones and conic frusta be 
described about the sphere A B C D, its volume will be equal 
to one third of the product of its convex surface and the 
radius A O ; and this volume and corresponding product, by 
increasing the number of faces of the circumscribed solid, 
will continually approach the area of the sphere and one 
third of the product of its surface and the radius A O, which 
form their respective limits and between which there must 
subsist a corresponding equality. Wherefore the volume 
of A B C D is equal to one third the product of the surface 
of A B C D and the radius A O. 

Corollary, The volume of a sphere is equal to two thirds 
of the volume of its circumscribing cylinder (12 and cor. 59). 

Remark, The revolution of a sector of a great circle about 
its side or radius, will generate a conoidal solid which is 
termed a spheric sector^ and of which the volume is proved 
as above to be one third the product of the corresponding 
spherical surface and the radius of the sphere. This solid is 
equal to a segment of the sphere and an adjacent cone ; its 
volume and that of the cone being determined, the volume 
of the corresponding segment may be easily found. 



CHAPTER IV. 

OF CONSTRUCTIONS AND MENSURATION RELATIVE TO CURVE SOLIDS. 

63. The problems resolved in this chapter complete prac- 
tical geometry and the mensuration of elementary solids. 
The constructions in the first section are intentionally limited 
to the principal positions of circles on the surface of the 
sphere : the formulae in the second section relate to the 
cylinder, cone, and sphere; and involve the determination 
of their curve surfaces and their corresponding total or par- 
tial volumes. 
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§ 1. OF CONSTRUCTIONS RELATIVE TO CIRCLES OF THE SPHERE. 

PROBLEM I. 

64. Tlirough a given point A or B on the surface of a 
sphere^ to draw a perpendicular to a given great circle C D. 



First, let the given point A be in the circle C D, and apply 
AE equal to a quadrant. From £ as a centre describe 
through A the arc A B, which will evidently be perpendicu- 
lar to the great circle CD. 

Secondly, let the given point be B, from which at the dis- 
tance of a quadrant, describe an arc intersecting CD in £. 
From the point £ as a centre describe through B the arc 
A B, which will be perpendicular lo C D. 

PROBLEM II. 

65. To divide a given spherical arc A B into two equal 
parts. 




From A and B as centres, describe arcs intersecting in the 
points C, C, from which at the distance of a quadrant deter- 
mine the point D. Through C and Q' from D describe the 
arc C £ C of a great circle, which will evidently bisect A B 
in the point £. 

PROBLEM in. 

66. To divide a given spherical angle A C B irUo two 
equal parts. 

In the sides of the given angle C take equal parts O A, 
C B, and from the. points A, B as centres describe arcs inter- 
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secting in C. From C, C at the distance of a quadrant 
determine the point D, from which through C, C describe 
the bisecting arc C C. 

PROBLEM lY. 

67. To find the pole of any given circle CD of the sphere. 
(See fig. art. 64, 68). 

First, let C D be a great circle of the sphere, and from any 
two points A, £ as centres, describe at the distance of a 
quadrant, arcs intersecting in F, which will be the pole of C D. 

Secondly, let C D be a small circle, in which take eqiial 
arcs A £, £ F. Bisect these arcs by great circles meeting in 
the points B, 6 (65), either of which will be the pole of 
the small circle C D. 

PROBLEM V. 

68. To find the diameter drawn from a given point B in 
the surface of a sphere. 





6 

From the given point B as a centre describe the circle 
C D, in which take any arcs A £, £ F. Construct a plane 
triangle A'£T', of which the base is the chord of the arc A F 
land its sides the chords of A £, £ F ; and about the triangle 
describe the circle A'E'F'O. Through the centre O of the 
circle A' E' F' draw the right line B'O G' ; and from E' with 
the distance E'B', equal to the chord of the spherical arc B C, 
determine the point B' ; join E'B', perpendicular to which 
draw E'G' meeting B'G' in the point G'. The right line B'G' 
is evidently the diameter of a circle passing through E', and 
is also equal to the required diameter B G of the sphere. 

For the circle A'E'F' is equal to the circle C D of the 
sphere, and B' O is evidently equal to the perpendicular B O 
drawn from B to the plane of C D. The circle B'E'G' is 
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therefore equal to a great circle of the sphere, of which the 
diameter B 6 is equal to B' 6'. 

As to the position of 6 on the surface of the sphere, it 
may be determined by a quadrant of the circle B'E'G' and a 
great circle described from B, in accordance with the first 
case of the preceding problem. 



§ 2. OF MENSURATION RELATIVE TO CURVE SOLIDS. 

PROBLEM I. 

69. To find the area of the curve surface of a right 
cylinder, of which the altitude and circumference of the 
base are given. 





The area=za c, [1], 

in which a is the altitude and c=^2 r it the circumference 
of the base. 

Example, Let a=lO feet, and let the radius r of the base 
be 5. Then c=31.416, and the area is 314.16 square feet. 

Remark. The total area of the cylinder is c{a+r), 

PROBLEM II. 

70. To find the volume of a cylinder of which the altitude 
and radius of the base are given. 

TTie volume^^a b, [2], 

in which a is the altitude and 6=r*7r the area of the base. 

Example. Let a=s3, r=2 yards. The volume is 12 5r= 
37.6992 cubic yards. 

PROBLEM III. 

71. To find the curve surface of a right cone of which 
the slant side and the circumference of the base are given. 

The area=^\cs [3], 

T 
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in which c is the circumference of the base and 8 is the 
slant side. 

Example. Let 9=4 feet, and let the radius r of the base 
be 2 feet 6 inches. Then c= 6 tts. 15.708, and the curve 
surface is 31.416 square feet. 

Remark. The total area of the cone is ^ c (r+«). 

raOBLEM lY. 

72. To find the curve surface of the frustum of a right 
cone, of which the slant side and the circumferences of the 
bases are given. 



The area^i s {c+c'), [4], 

in which s is the slant side and c, c' the given circumferences. 

Example. Let «=5 yards, and let the radii r, r' of the 
bases be 3 and 2 yards. Then \ {c+c')^{r-\-r') ^=15.708 
and the curve surface is 78.54 square yards. 

Remark. The total area of the conic frustum is 
ilc(r+«)+c'(r'+«)}: ^ 

PROBLEM V. 

73. To find the volume of a cone of which the altitude 
and the radius of the base are given. 

The volume=s^ ab, [5], 

which a is the altitude and 6=r'7r the area of the base. 
Example. Let ass6 yards, aud let the radius r of the base 

be 2 yards. Then 6=12.5664 square yards, and the volume 

of the cone is 25.1328 cubic yards. 

PROBLEM VI. 

74. To find the volume of the frustum of a cone of which 
the altitude and the areas of its bases are given. 
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The volume=la{b+b'+^/bb'), [6] 

in which a is the altitude and b, b' the areas of its base. 

Example, Let a=6 feet, and let the radii r, r' of the lower 
and upper bases be 4 and 3 yards. Then 6=16 tt, 6'=9 tt, 
^66' = 127r, and the volume is 747r =232.4784 cubic feet. 

PROBLEM VII. 

7.5. To find the area of the surface of a sphere of which the 
radius is given. 

The area=4: r^ic [7], 

in which r is the given radius. 

Example. Let r=2^ yards. The area is 25 7r=78.64 
square yards. 

PROBLEM VIII. 

76. To find the area of the curve surface of the segment 
of a sphere, of which the altitude aud radius of the surface 
are given. 

The area=2 arTT, [8], 

in which a is the altitude and r the radius of the surface. 

Example. Let r=12 inches, a=4; the area is 9C^= 
301.5936 square inches. 

Remark. The total area of the segment is aTC [i r — a). 

PROBLEM IX. 

77. To find the area of a spheric zone, of which the alti" 
tude and radius of the surface are given. 




The area=2 arir, [9], 

in which a is the altitude and r the radius of the surface. 

For the zone is the difference of 4 r'TT and 4 r tt (r — J a) ; 
wherefore its area is expressed by formula [9]. (See 75, 76). 

Example. Let a=6 inches and r=10. The area is 
376.992 square inches. 
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PROBLEM X. 

78. To find the volume of a sphere of which the radius 
is given. 

Tlie volume=s^ r'w, Cl^]» 

in which r is the given radius. 

Example. Let r=12 inches. The volume is 4.1888 
cubic feet. 

PROBLEM XI. 

79. To find the volume of the segment of a sphere^ of 
which the altitude and the radius of the surface are given* 

A 




A' 

The volume=z^ (3 r— a) a«^, [11], 

in which a is the altitude of the segment and r the radius 
of its curve surface. 

For the segment is equal to the difference between a 
spheric sector and cone, the volumes of which are ^ar^% 
and ^(2ar — «») (r— a), and their difference equal to the 
expression [11]. 

Example. Let a =6, r=8 inches. The volume of the 
segment is 678.5856 cubic inches. 

Remark. Should the radius r' of the base of the segment 
be given, there will result 2 ar=a*+^'"> and theace the value 
of r; or the volume of the segment may in this case be 
determined from the expression \{^r'^+a'^) a7C, found 
from [11] by eliminating r. This expression is obviously 
equal Xo \a r'^TT and 4 (i«)'7r, the first of which represents 
half a cylinder having the same base and altitude as tlie seg- 
ment, and the second is the volume of a sphere correspond- 
ing to radius ^ a. 

THE END. 
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